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Abstract—In this paper, we assessed the reliability of a paper
plant using the weibull distribution and a hexadecagonal fuzzy
number. Many difficulties in life have ambiguity, uncertainty,
impreciseness, and so on, thus we must understand these
phenomena. The paper factory under study is a complicated
system comprised of numerous subsystems. Based on the Boolean
function approach, the mathematical model was created.

In this study, we will employ a hexadecagonal fuzzy Weibull
lifetime distribution, in which the lifespan parameters are
assumed to be fuzzy due to data ambiguity and inaccuracy.
Expressions for fuzzy reliability, fuzzy mean time to failure,
fuzzy hazard function, and their o-cut have been addressed
when the system follows the hexadecagonal fuzzy weibull lifetime
distribution. An examination of the numbers is offered at the
end to highlight the system’s fuzzy reliability characteristics.

Keywords- Fuzzy reliability, Fuzzy weibull distribution,
Fuzzy hazard function, Mean time to failure, and Fuzzy
logic approach

I. INTRODUCTION

In the design of engineering systems, reliability has always
played a crucial role. The survival function, often known as the
reliability function, is the one that is most frequently employed
in lifetime data analysis and reliability engineering. Indicated
by this function is the likelihood that the given object will per-
form properly for a specific period of time. On accurate data,
the traditional methods of estimating the weibull distribution’s
parameters are predicated. The assumption is typically made
that the observed data are exact real numbers. Over the past
many years, a number of scholars have studied the various
aspects of reliability technology of the subsystems or systems
in process industries at various levels. Singh et al. are only a
few of the researchers that have produced research articles in
this area. A supply problem for fertiliser production has been
reliably identified by Singh et al. [1]. A numerical analysis of
the availability and dependability of the serial operations in the
butter-oil manufacturing plant was developed by Gupta et al.
[2]. It is assumed that component lives are random variables.
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The Weibull distribution has been shown to be adaptable and
versatile for representing monotonic failure rate data among
the many distributions. However, Cai et al. [4] presented a
different insight by introducing the possibility assumption and
fuzzy state assumption to replace the probability and binary
state assumptions, demonstrating that the weibull distribution
is insufficient for many contemporary complex systems that
exhibit bathtub shaped failure rates. The application of fuzzy
technique in system failure engineering has been introduced
by Cai et al. [5]. A paper manufacturing plant’s mathematical
models and digestion system were powered by queuing theory
according to Pervaiz et al. [6]. Two fuzzy dependability
models based on the weibull fuzzy distribution were created by
Karpisek et al. [7]. A mathematical model for the problem of
employment scheduling was developed by Pervaiz et al. [8] for
a small-scale assessment of the paper manufacturing industry.
Utilizing a fuzzy exponential lifespan distribution, Baloui et al.
[9] analysed the reliability function. A mathematical modeling
and performance analysis of the stock preparation unit in the
paper plant industry using genetic algorithms was given by
Pervaiz et al. [10]. A hexadecagonal fuzzy number serves as
the representation for the system parameter. The dependability
analysis of a sugar manufacturing plant utilizing a boolean
function technique is presented by Agarwal et al. [11] In this
study, we use the fuzzy weibull distribution to build the fuzzy
reliability function of systems and its a-cut set.Hexadecagonal
fuzzy numbers serve as the system’s representation of the
lifetime distribution.

II. PRELIMINARIES

Here we have an introduction to the fuzzy sets and fuzzy
numbers (hexadecagonal fuzzy numbers) as well as some
fundamental definitions of reliability context.
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Fuzzy Sets [14]

Let X be a nonempty set. A fuzzy set A in X is charac-
terized by a membership function:

pa X —[0,1].
That is:
1, ifrex
pa(z) =140, if ¢X
(0,1) if x is partly in X.

Alternatively, a fuzzy set A in X is an object having the form

A={{z,pa(x)):x€eX}or A= {(u;xx(x)> :xeX},
where the function
pa(z): X —[0,1],

defines the degree of membership of the element, x € X.

A. Hexadecagonal fuzzy number
A fuzzy number £; is a hexadecagonal fuzzy number
denoted by
0= (011, ag,as,aq4,as, ag, ar, ag, a9, a1p, 411, a12, 13,
a14,015,016)

such that we can describe a membership function {;(x) in
the following manner:

0 , < ay
k <f2__‘fjl> ;o a <z <a
k1 , as <z <as
k1+(k2—k1)(lz_f’3), az <z <ay
k2 ) ag <x < as
k2+(k3k2)(f6_‘2)7 as <x < ag
k3 : ag < x < ay
(k) (22) | er<osa
§olz) =41 , ag <z <ag
ks + (1 — k3) <a“110059> ;a9 Sz < ai
k3 , app<z<an
ko + (k3 — k2) (JI;Z_ZTI) ;o an <z <anp
ko , a2 <z < a3
ki + (kg — k1) (aﬁ“_afg) a13 <z < ay
k1 , a4 <z < as
k1 <a?(1f_ai) . ais < < aie
0 , X Zaie
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Fig. 1 Flow chart of paper milling process

Paper milling process

It primarily consists of seven subsystems. The first
subsystem is the chipping unit, which accepts raw material as
input. Feeding occurs when the cutters begin cutting in fine
little pieces and the pieces are sent to the second subsystem.
The pulp preparation unit, which has an identical unit digester
in standby redundancy, is the next subsystem. The particles
are then crushed and turned into pulp by being mixed with
fresh water. The pulp is sent to the fourth subsystem, the
washing unit, which has a standby unit Decker. Following
the filtration process, the pulp is directed to the screening
unit, which has a similar unit cleaner in parallel redundancy.
After the contaminants have been eliminated, the purification
process is completed by a succession of bleaching processes.
Finally, the white pulp is sent to the final subsystem, known
as paper manufacture or completed product. As illustrated in
figure 1, all of the subsystems are connected in series and
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series. Various technology disciplines have used reliability
ideas throughout the previous five decades. This technique has
also been applied to a variety of industrial and transportation
problems; Dhillon et al. provide a full overview. [3]
Assumptions

a) Initially, the entire system is operational.

b) Component failure rates are s-independent.

c¢) There is no mechanism for repairing a failed component.
d) The reliability of each component is known ahead of time.
e) This system is configured in a fuzzy manner.

List of Notations

0, :The State of chipping unit.

05 : The state of the feeding unit.

03 : The state of the pulp preparation unit.

0, : Digestive system.

05 : The condition of the washing machine.

0 : Decker.

07 : The current state of the screening unit.

05,09 : The screening unit’s current state. Cleaners are ranked
8th and 9th.

010 :The current state of the bleaching unit.

011 : Finished product / Paper mills.

0;(i=1,2,...11) : 1 in good state.

in bad state.

6 : Fuzzy number.

S (t) : Fuzzy reliability functions of a component with time t.
&0 : Membership functions of a fuzzy number.

A/V : Conjunction/Disjunction.

B. Analysis and Mathematical Formation

The prerequisites of capability for the successful operation
of the system in terms of logical matrix are expressed using
the Boolean function technique as follows:

0y 02 03 05 07 6o 611

01 0 03 05 O 0Oy 010 611

01 0 03 0g 07 019 011

01 0y 03 0 03 0Oy 010 011
PO 0200 = Vg 0, 0, 0, 0 610 60

0y 02 014 05 O3 0Oy 6o 011

01 0 04 0 07 010 011

(01 02 04 O O3 09 0610 611

Above equation can be expressed using algebraic reasoning as,

F(01,09,--- ,011) = [6102010011 A f(61,62,--- ,011)]
(05 65 6 i
03 05 603 b9
03 0¢ 67
|03 O O3 Oy
f(913927”' )011)_ 04 95 97
04 05 03 b9
04y 0g 067
6, 05 65 0y |
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Then
A =103 05 0]
Ay =1[03 05 0Os 0o
Az =1[03 0 0]
Ay =105 05 03 0o
As=[04 05 0]
Ag=1[0s 05 0Os 0o
A7 =104 0 0]
Ag=1[0s 0 0O 0o

III. Fuzzy Weibull Distribution

The probability density function of the Weibull distribution,
which is commonly utilised in reliability, is as follows:

N\’ _fx -8\
e
0
In nature, where 6 is the scale parameter, 5 is the shape
parameter, and ¢ is the location parameter are crisps.

0=

IV. Fuzzy Reliability Function

The fuzzy set theory of Zadeh [12] is the foundation for
fuzzy reliability. S(t) is the fuzzy chance that a unit will
survive beyond time ¢ . Let X be the lifetime of a system
component; additionally, let X have a density function and
a fuzzy cumulative distribution function. F,(t)=P(X < t),at
time ¢, the fuzzy reliability function is defined as:

S(t)

P(X <t)
=1—F,(t)
=[1— Fpa

«(2)[e], 1 = Frin(@)[al], pp(z) = oyt >0

Assume we want to calculate the reliability of a component
whose lifetime random variable has a fuzzy Weibull distribu-
tion. As a result, we express parameter 6 as a hexadecagonal
fuzzy number.

0 = (a1, az, a3, a4, as, as, ar, ag, ag, a1, A11, G412, 413, G14, A15, G16)

As a result, we can describe a membership function {;(z) as
follows:
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t—46

(=)
According to that the e increasing 6, then the « -

0 ’ TS0 cuts of fuzzy reliability function is as:
kl ((fz_u;zll> ) ai < S as
k1 ) az < < ag
k1+(k2k1)(;4_‘ff3), a3 < x < ag
ko ,  a<z<as
ko + (ks — ka) (LZ_CLE’S), as < x < ap
k3 , ag <z <ay
k3+(1—k3)<f8_277> ,  ar<w<ag
&le) =41 ., ag <z <ag
ks 4+ (1 — k3) <5110°__;> , ag<z<ap ,
ks Cewsesan S0kl = S0kl = [ean{ - ( =) b
k k k G12—T < p < ar + 3 kl a2
o+ (ks — ko) g2 ), an <z <an 8
expy —
ko , a2 <x < aps p{ (am (a1 — a1s) ) H
kl‘i’(kal)(M), a13§I§a14 |:exp{_< )ﬁ}
a—k ’
k1 . a1e <z < ags a3 + = k:ll ag — a3)
B
kl (a?;ﬁ_agi;) 9 a1s S xr S ale el‘p{ — ( ) }:|
aia — k _k (a14 — a13)
0 . T =age

8
- )
[ a5+,?3’732 ag — as)

The « cuts @ is denoted as follows: 8
expy — %
~ { <a12 - (a12 — a11) ) H
Ola] = [al T ( —ay),a16 — kf(aw —ays) | fora € [0, k1] 8
/ [ew{—( o) )
a—k ar ag — a7
as + ! (ag —as),a1s — (a14 — ay3) | fora € [ky, ko) - kd P
ko — k1
S =) B

a—k a—k
[m—l—(lkj)(ag—m),am—( 5) alo—ag)]forae k‘3,

As a result, the fuzzy reliability function of a component is
as follows:

8
<9> < S(t)[e] is a two dimensional function in terms of a and ¢
€ |6 € 0[a] ,where(0 < a < 1 and ¢t > 1).For tg, this is hexadecagonal
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fuzzy number and membership function of S (to) is as follows: 1 exp { B ( to=5 ) 5} <o <enp { - (M> B}

a4 als

e oo ST et

B
z—expq — | =2 . : :
P { ( 3 > } The expected time to failure is expressed as the fuzzy mean
Y s o time to failure (FMTTF).
expy —| %~ —expy — | “az According to Buckley [13], the FMTTF of this fuzzy system

B Bys a fuzzy number that can be determined as follows:
ol - (15t) peesen - (12) ]

=
g
=
—N
7 N
N
N
>
N——
@™
——
IN
&
IN
9]
=
=
—
|
7N\
2 E
w [
>
N———
™
H,_/

MTTFla] = { /OOO zf(z)dz|f € é[a]}

1a€33p{ - (t‘;{f)ﬂ} <z < exp{ - (t%f)ﬁ} = {/OOO S(t)dt|6 € é[a]}

B _ tg—5 0 to—5 al When the failure random variable is distributed with a fuzzy
58(750) (.CE) — \ expy — —expy — . .. .
Weibull distribution,then:

Leffp{ - <“;85)ﬁ} <z < eiﬂp{ - (“Lf)ﬁ} MTTF = {or(l +87 0 e 5[04}

ew{_gtgl; . -~ _ {(al T daas — a))T(1+ 57,
ACTAET e e
exp{ - <”>5 } <wz< exp{ - <t21f ) } — [(as + (40— 1)(as — ag))r(1 + 571,
o] - <{() }): } <enf - (1) } o4~ = s 11+ 57
exp —ﬁ ) (e S - —(as + (4a — 2)(ag — as))T(1 + ﬁ_l)-7

EIP{ (ﬂg;;) }eg;p{ (t2;d> } (a1—2 — (4o = 2)(a12 — ann))I(1 + 5_1)_

B
exp{ — (t(‘i;‘;) } <z< ea?p{ - (t:i;é } - [(cw + (4a — 3)(ag — a7))T(1 + 6_1)-,

ex { ("’_5>B}z (a10 — (4a = 3)(a10 — ag))T(1+ 571)

A -]

B
b it v )
Eur. CHem. BuiD 023, f2{Spedial | sTelofj 170\ 417 4174
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Accordingly to upper expression the following membership The fuzzy hazard function for the fuzzy Weibull distribution

function is obtained:

_ -1
z—a P(1+871) - B[t -
e iolal = {5(5) e}
aiT(1+ 7Y <o <al(1+ 8~
k1, asl(1+ 571 < < asl(1+ B~ h(t)[a] is a two-dimensional function defined by a and ¢
r(1+8~1Y 0<a<landt>1).
b+ (ks — o) (2 ) ( )
asT(1+ B <z <aT (14671
-1 -1
k2, a (14577 <@ <asT(1+ 677 VI. Numerical Analysis
z—asD(1+671)
ko 4 (ks = ko) | Gagmamrrrr D )
) Let the component’s lifetime be represented by a Weibull
asT(1+ B71) < & < al'(1 + B~ dstribution with a fuzzy parameter § and & = 0 that
ks, agT(1+ 371 < <ar;D(1+ 70)=(1.20,1.25,1.30,1.35,1.40, 1.45,1.50, 1.55, 1.60, 1.65, 1.70,
i 1k c—ar;T(1+8~1) 1.75,1.80, 1.85,1.90, 1.95).Then a-cuts  of the fuzzy
3+ (1—ks) (as—a7)L(1+B71) reliability function, fuzzy hazard function, and fuzzy mean
a;T(1+ BN <z <agT(1+671) time to failure are provided by
5(to)(z) =< 1, 1+ <z<al'(1+p71 _
$3lio)() s Fi w); TN bugy reliability is: fla)=
ks + (1= ks) ((afo”—ag)r(wal)
aol'(14 81) < 2 < aroT(1+ 81) 1.20 + 4(0.05), 1.95 — 4(0.05)]
ks, aroT(1+8~1) < 2 < anT(1 + 1) [1.30 + (4 — 1)(0.05),1.85 — (4ax — 1)(0.05)]
1.40 4+ (4o — 2)(0.05),1.75 — (4ae — 2)(0.05
k_2 + (k’3 _ k_2) alg_F(l—‘rFﬁ 11)—f1 [ ( )( ) ( )( )]
(a12—a1)TF(1+5T) [1.50 + (4 — 3)(0.05),1.95 — (4o — 3)(0.05)]
anl(1+ 471 <2 <apl(1+87Y)
ko, a1T(1+ 471 <z <asT(A+471)
a1 P18~ )~z S(t)[a]=
Fa+ (k2 — k) (()ruw))
asl(1+ 87 <z <anl(1+87Y) ﬁ 5-
ki, al(1+ 871 <z <aT(1+87Y)  |egp
P(1ag-1 120+02 195+02a
k1 a6 (1+8 )—f -
(a16—a15)L(1+671) ) B
aisT(1+ 571 <z < agel(1 + B71) _ea’p{ 1. 25+0 2a } { 1.90 + 0. 2a}
r B1
V. Fuzzy Hazard Function ea:p{ 1.30 + 0 2% } { 1.85 + 0. 2a}
) B
The fuzzy hazard function is a particularly appealing con- [emp{ t} 7egr;p{ }
cept in fuzzy reliability theory. We shall introduce the concept 1.35 + 0.2 21+ 0 2a

of a fuzzy hazard function based on the fuzzy probability
measure and call it o — cuts. The fuzzy hazard function is the
fuzzy conditional probability of an item failing in the interval
h t to t+ dt if it has not failed by time ¢. The hazard function
is also known as the immediate failure rate. The fuzzy hazard
function is defined mathematically as follows:

- . Pt< X <t+At|X >t)

AS0 At
[ S-S+, -
- { A =A@ € 0[0‘]}
-5'(t) f(t)

|

S(t)
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- PN B
S(t)le] = _emp{ 1.20 + 0.2a } { 195+02a}
: s 5

_emp{ 1.25+ 0.2a } { 190+02a}

: s 5

_emp{ 1.30 + 0.2a } { 185+02a}

t—o 7

[exp{ 135+02a} ’exp{ 21+02a}
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for all « (i) Fuzzy hazard function is:
(Dift=0.5

hBle] = { 1.95 53 0.2a (1.95 j o.m)ﬂl’

3 t ot
1.20 — 0.2 (1.20 - O.2a> }

z—exp{—(0.4166)"} 8 + B-1
exp{—(0.4)P} —exp{—(0.4166)F}’
exp{—(0.4166)°} < z < exp{—(0.4)"} { 1.90 — 0.2« (1.90 - 0.20) ’
z—exp{—(0.3846)"} B t A1
exp{—(0.3703)7 } —exp{—(0.3846)" }’ ( ) }
exp{—(0.3846)5} <z< emp{—(0.3703)6} 1.25 - 0.2a0 \ 1.25 — 0.2cx
1, eap{—(0.3703)%} < & < exp{—(0.3846)%} B t o
c—eap{—(0.3571)°} 1.85 — 0.2 \ 1.85 — 0.2cx ’
exp{—(0.3448)8} —exp{—(0.3571)F}> B-1
exp{—(0.3571)8} < z < exp{—(0.3448)5} B ( t ) }
1,  exp{—(0.3448)%) < & < exp{—(0.3333)°} 1.30 — 0.22:\ 1.30 — 0.2cx
z—exp{—(0.3333)%} { B ( t )51
exp{—(0.3225)F} —exp{—(0.3333)F}> )
exp{—(0.3333)%} < 2 < exp{—(0.3225)"} 2.1-02a2.1-02a 51
1, exp{—(0.3225)%} <z < exp{—(0.3125)} B t
65(05)(Z) = wfezp{f(olgogo)ﬁfm} 1.35 — 0.2a \ 1.35 — 0.2«

exp{—(0.3030)8 } —exp{—(0.3125)F}"
exp{—(0.3030)%} < 2 < exp{—(0.3030)"}

exp{—(0.3030)%} < x < exp{_(0.2941)5}iii) Fuzzy mean time to failure:
z—exp{—(0.2857)° —x}

1

)

exp{—(0.2857)F } —exp{—(0.2941)5 }’ - _ ~
exp{—(0.2857)%} < x < exp{—(0.2857)7} MTTF[a](B) = {9F(1 +B7)0 € 9[@]}
1, exp{—(0.2857)°} < z < exp{—(0.2777)"} .
z—exp{—(0.2702)" —z} = |:(G/1 + 4@(@2 — al))F(l + ﬂ_ )7
exp{—(0.2702)8 } —exp{—(0.2777)F}>

exp{—(0.2702)%} < 2 < exp{—(0.2702)%}

1, exp{—(0.2702)%} < x < exp{—(0.2631)"}
z—exp{—(0.2564)" —z}
exp{—(0.2564)P }—exp{—(0.2631)8} ’ = 11.20 + 405(0.05)7 1.95 — 40&(0.05)

exp{—(0.2564)°} < x < exp{—(0.2564)"}

(016 — 40[(0,16 — a15))1"(1 + ﬁ_l)

_ {(ag + (da — 1)(as — a3))T(1+ 7Y,

(a14 — (40& — 1)(&14 — alg))F(l + 571)

(2)if @ = 0 then reliability is as: = [1'30 + (4 —1)(0.05),1.85 — (4 — 1)(0.05)

= {(a5 + (4a — 2)(&6 — a5))F(1 + /871)7

(a12 — (40é — 1)(&12 — an))F(l =+ 6_1)

s(t)[0] = {exp{—(0.8333)5}, exp{—(0.512)"} = [1.40 + (4 — 2)(0.05),1.75 — (4o — 2)(0. 05)
[exp{—(O.S)ﬁ}, exp{—(0.526)"} = [(a7 + (4o — 3)(ag — a7))T(1 4+ 871,

[exp{—(0.384)6}, exp{—(0.540)5}- (a10 — (4o — 1) (a1p — ag))T(1 + 71

\_ll_l

{exp{—(0.740)'6}, exp{—(0.476)"} = [1.50 + (4o — 3)(0.05),1.95 — (4a — 3)(0.05)
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The value of FMTTF at 8 = 2.166 has a minimum value,
according to the behaviour of the gamma function:
MTTF[a](2.166)=

[(1.06272 +0.177120), (1.72692 — 0.17712q)

[(1.107 +0.17712cv), (1.68264 — 0.177120)

[(1.23984 + 0.08856), (1.5498 — 0.08856x)

[(1.19556 +0.17712a), (1.85976 — 0.17712«)

Accordingly the following membership function is obtained:
Let

1 1 3
1 47 2 27 3 4
SO
x—1.06272
“oirriz 1.06272 < z < 1.23984
L, 1.23984 < z < 1.5498
.72692—x
Liae s, 1.5498 < & < 1.72692
—1.107
Girrie 1.107 < 2 < 1.28412
1, 1.28412 < z < 1.50552
1.68264—=x
01771 1.50552 < x < 1.68264
Ea(to) () = ,—1.23984
’ S Tss6 1.23984 < x < 1.3284

1, 1.3284 < x <1.46124

1.5498—x
70.08856 ° 1.46124 < x < 1.5498
x—1.19556
RV 1.19556 < z < 1.37268

1, 1.37268 < = < 1.68264

1.85976—x

VII. Conclusion

In this paper we have been successfully evaluated
the Weibull distribution, fuzzy reliability function, fuzzy
hazard function and their a-cuts. Whenever the lifetimes
of a components and parameters contain randomness and
fuzziness respectively, the approach of reliability theory based
on traditional statistical analysis may be improper. In our
method, fuzzy set theory and fuzzy probability theory are the
foundations for fuzzy system reliability. The scale parameter
in this study was treated as a hexadecagonal fuzzy number.
The study of some crucial issues in fuzzy reliability theory,
such as mean leftover life, requires additional research.
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