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Abstract

In this paper, we examine how the doubling construction of Alan Day alters the pseudo-
O-distributive property after doubling of lower, upper and intermediateintervals in Cw (L»),
that is, the lattice of weak congruences of a chain of length n.
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1 Introduction

The weak congruence relation in lattices given by Vojvodic G. and §e§e|ja B. [6]
has seen many advances in lattice theory. Many properties of the lattice of weak
congruences have been studied by various lattice theories. One of those is the property
of pseudo-0-distributivity in the lattice of weak congruences of chains and it was
defined by J. C. Varlet in 1968 as a generalisation of the notion of pseudo-
complementedness [4]. From G. Gratzer’s [3] construction of a lattice LY from a
lattice L by doubling anelement a = 0 or 1 in L, Alan Day in his paper [2] introduced
a similar construction popularly been referred to as *Day’s definition of doubling of
intervals’. In this research paper, we analyse how Day’s definition of doubling affects
the pseudo-O-distributive property in Cw (Ln). In this chapter, we discuss some
preliminary results for the devel- opment of our paper.

Definition 1.1. [1] A lattice L is said to be pesudo-0-distributive if for all x,y,z €
LxAy=0,xAz=0implythat(x Vy)Az=y Az

Definition 1.2. [6] A weak congruence relation on an algebra A = (A, F) is a sym-
metric and transitive sub-universe of A=2.

Theorem 1.3. [5] Cw/(Ln) is pseudo-0-distributive.

Example 1.4. The weak congruence lattice Cw (L4) of which L4 is {o<a<b<1}
is pseudo-0-distributive.
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Figure 1: Cw(L4)

Definition 1.5. [3] The lattice L[I]| = (L\ 1)U (I x Cy) where Cy = {0, 1} is formed by
Day’s definition of doubling of intervals given by the following ordering: for z,y € L[I]
and i,j € Cy;

r<yifr<yinL;
(z,i) <yifr <yinL;
r<(y.j)ifz<yinL;

(x,8) < (y,j)ifr <yinLandi < jinCy.

2 On pseduo-0-distributive property

Theorem 2.1. [Cy (L,)|[(I) is pseudo-O-distributive where I is a lower interval in
Cw (Ln).

Proof. Let I be a lower interval say I = [0, 6,] where 8, = {0, 2, 5. ..., 7 }7,

k < n.

Let A, B,C € [Cyw(L,)](I) such that AA B = (0,0) and AN C = (0,0).
Claim: (Av B)AC =BAC.

We observe that A € [(0,0),1] or A € ((0,0),(6,0)].

(I) Assume that A ¢ [(0,0), 1].

(I) B,C € [(0,1),1].

(Iia) If B,C' € [(0,1),(0,1)] then A; A By = 0and A; A C; = 0 where
A=(A,.0),B=(B,,0).C = (C,,0).
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Let ((x;,x;),1) € (AV B)AC =[(A1,0) V (By,1)] A (Cy, 1)
= [(A4V By), 1] A (Cy, 1)

= [(A1 VvV By) A (C1,1)]

= (zi,75) € (AL V By) NGy

= (:1:1 xj) € A,V By and (75, 1;) € Cy

Then. (A, vV B;) A Cy, = B; A Cy since Ay, B,,C, € Cw(L,)

So, ((Ehi"j), ].) = (BJ AN Cl: 1} = (B], 1) A (Cl; 1) =BAC

Hence, (A Vv B) A C = B A C is true in this case.

(Iib) Let B € [(0,1), (f,1)] and C' & [(0,1),(f,1)] and C' € C\(Ly)

B, AC < Byand C ¢ [(0,0),(6,0)]

Therefore, By A C = (0;,1)

((z;,2;),1) € (AVB)AC =[(A1,0) vV (B, )] AC

= ((A;, By) AC, 1)

(25, 25) € (A4 VB)ANC

= (r4,2;) € BIAC

= ((z5,2).1) € (ByACL L) =((B,1))ANC=BAC

So, in this case. (A Vv B) A C = B A C holds good.

(Iic) B,C € [(0,0),(#,0)] where B = (B,,0),C = (C4,0).
(Av B) A C = BV Cis true by a similar argument as in Case(lia).
(IT) Assume that A € [(0,1), 1]

Therefore, B, C € [(0,0), (¢,0)]

(ITa) A € [(0,1), (6, 1)]

(AVB)ANC =[(A1,1)V (B1,0)] A (C,0)

= ((A1 V By), 1) A (C4,0)

= ((A; v By) A Cy,0)

= (B, ANC4,0)

=BAC

(ITb) Let A € [(0,1), (0, 1)]

(AVB)ANC =[AV (B,0)] A (C1,0)

= (AV B,,0) A (C},0)

((AV By) A C1,0)

(By A C1,0)

In this case, we get [Cy(L,,)](I) is pseudo-O-distributive.
Hence. [Cw (L,)|(I) is pseudo-O-distributive for a lower interval 1. 0]

Example 2.2. Now, consider the interval 1 = [0, asy| in the lattice Cyy (Ly) (figure: 1).
We can form the new lattice [Cyw (Ly)|(I) = {Cw(La) \ T} U (I x C3) as in figure: 2 by

doubling the interval I. The resultant lattice is also pseudo-0-distributive.
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Figure 2: [Cy (La)](F) where I = [0, a3;]

Theorem 2.3. [Cyw (L,)|(1) is pseudo-O-distributive where I is an upper interval in
C"H" (L n ) .

Proof. Let I be an upper interval say I = [{(zg, z)}. 1] of Cyw (Ly).
To prove that [Cy (Ly,)](I) is pseudo-O-distributive i.e., to prove that for all
A, B,C € [Cw(Lyn)](I) whenever AN B=0and AANC =0,
(AvB)AC =BAnC.

We observe that when A € [ x Cy, we have B,C € Cw(L,) \ 1.
MAelxCyuthen A= (A;,j7),j=0o0rland B,C € Cy(L,) \ I.
We claim that, (Av B)AC = BAC.

(AVB)AC =][(A,j)vB|AC

=(AiVB,j)ANC

= (A, vVB)AC

= B A C (As Cw/(Ly) is pseudo-0O-distributive)

(I Ag 1l xC,

There are three possibilities:

(a) B,C' e I x

(b) B,C e Cﬁf{Ln) \ I

(c)BeCy(L,)\Tand C eI x C,

(Ila) B,C € I x Cb.

lLet B=(B,,7),C = (C,,j)where j =0o0r1.

Now, (AV BYAC =[AV (By,j)] A (Ch, 7)

=((Av B))NCY,]j)

= (B, ACY,j)

= (B1,7) A (Ch,7)

= B A C (As Cy (L,,) is pseudo-0O-distributive)
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(Ib) If B,C' € Cw(L,) \ I, then (AV B)ANC = B A C, as Cy(L,) is pseudo-0-
distributive.

(Ile) If B e Cw(Ly) \ I and C € I x Cy, then

(AVB)ANC =(AV B)A(Cy,7)

=(Av B)ACy

= B A CY, as Cy/ (L) is pseudo-O-distributive.

Therefore, we conclude that [Cy (L )|(T) is pseudo-0-distributive. O

Example 2.4. Consider the interval [ay, 1] in figure:1. The lattice formed by the dou-
bling of the interval is given in (figure: 3). The resultant lattice also preserves the
pseudo-0-distributive property.
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Figure 3: [Cw (L4)](/) where I = [a1, 1]

Theorem 2.5. [Cw (L,)|(I) is pseudo-0-distributive where I is an intermediate interval
in CH(Lﬂ)

Proof. Assume 1l <i < k < n.

Without loss of generality. let us assume that [ = [{x;, .11.}2: {ri 1,2, Tigq, ey .1rk}g].
Claim: [Cw (Ln)](I) 1s pseudo-0-distributive.

That is, to prove that AANB = 0,ANC =0= (AV B)ANC = BAC is true in
[Cw (Ln)](I).

We observe that either A € I x Cyor A € Cy (L,,) \ 1.

(i) Ael x Cy then B,C € Cw(L,) \ [

(i) Ae Cy(L,) \ I,then B,C € Cy(L,)\lorBe I xCyand C € Cy(L,)\ I
or B,C eI x (5
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Case (i): Let Ae I x Cyand B,C € Cy(L,) \ I

Therefore, A = (Ay,7),j =0or1.

Definitely, z;, 7. ¢ B and z;, 7. & C.

Case (ia): B does not contain any of x; 1, 2.1, ..., 75 1n their generating set. Then
AV B e Cy(L,)\ I

(AVB)ANC =[(A1,j)VB]AC = (A, VB)ANC = BAC (As Cyw(Ly) is pseudo-0-
distributive)

Case (ib): Suppose the atoms in B are exactly some of the atoms in #3 then AV B €
I x C,

Subcase (iby): If C' does not contain any of the atoms of 5, then

(AVB)AC = (63.j)NC.j=00r1

=, ANC =0

B A C = 0 definitely.

So, (AVvB)AC =BAC.

Subcase (iby): If C also contains exactly some of the atoms of #5, then
(AVB)AC = (04,5) =BAC.

Case (ic): Suppose the atoms in B are some in common with that of #; and some outside
and AV B € Cyw (L) \ [

Therefore, (AV B) A C = (A; vV B) A C (Since Cyy (L) is pseudo-O-distributive)
=BAC

Case (ii): Let A € Cw (L) \ 1.

Case (iia): Let B,C' € Cy (L,) \ I.

(AV B)ANC = B ACistrue as Cy (Ly,) is pseudo-0-distributive.

Case (iib): Let Be [ x Cyand C € Cy (L) \ 1.

Let B = (By,7).

AV B=(AV By, j),if A contains exactly atoms inside #,.

Now, (AVB)ANC =(AV By,j)AC

= (By,j) A C.if C contains exactly some common atoms of 0.
=BAC(Since AnC =0)

Case (iic): Let B,C € I x Cy. Then, B = (By,7),C = (C1,j)

Subcase (iic;): If A contains exactly some atoms of #,, then

AV B=AV(By,j)

= (AV By, j)

(AVB)ANC = (AV By, 7) A (Ch, 7)

= ((AV By ACy.J)

= (B1 A Ch,j)

(B1,7) A (Ch, )

=BAC

Subcase (iicy): If A contains some atoms outside #, that is no atoms inside B A C' then
Av B¢ Cw(LR) \ 1

Therefore, (A B)ANC = (AV B) A (C1,7)

= (AV By) A (Ch,7)

(ByAC,j)=BAC

Therefore, we conclude that [Cyw (L,)|(I) is pseudo-0-distributive. O

Example 2.6. Consider the intermediate interval I = [ay, ass] in Cy (Ly). On doubling
this interval I, we get the lattice [Cyw (L) (1) which remains pseudo-0-distributive.
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Figure 4: [Cw (La)](f) where I = [a4, a3s]
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