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Abstract: in our real life, the bipolar fuzzy theory is a core feature to be considered positive information represents

what is possible or preferred, while negative information represents what is forbidden or surely false. In this paper, we
introduce the bounded sum and bounded product operations on bipolar fuzzy matrices and study the properties. We
intend to construct an algebraic structure by proving various algebraic properties on bounded sum and bounded product
over bipolar fuzzy matrices. Finally, we construct a commutative monoid on a bounded sum and a bounded product

over bipolar fuzzy matrices.

Keywords and Phrases: Bipolar Fuzzy Matrix (BFM), Bipolar Fuzzy Set (BFS), Bounded sum, Bounded
product, Commutative monoid.

INTRODUCTION
In 1965, Zadeh [16] introduced the concept of fuzzy set theory; after that, many authors generalized

it. One ideal generalization is the intuitionistic fuzzy theory by Atanassov [1,2], in which he introduced some
operators and found a promising direction of research. Masaharu Mizummoto and Kokichi Tanaka [8]
investigated the algebraic properties of fuzzy sets as well as the properties of fuzzy sets. Fuzzy matrices were
defined for the first time by Thomson in 1977 who discussed the convergence of the power of a fuzzy matrix.
Many authors, including Shyamal and Pal [14], Khan and Pal [4] and Xin [15] studied controllable fuzzy
matrices, fuzzy algebra, and its matrix theory with max-min operation.

A bipolar fuzzy set theory is invertible for dealing with both polarity and fuzziness. In 1994 Zhang
[17] introduced an extension of the fuzzy set named the Bipolar Fuzzy Set (BFS). Samantha and Pal introduced
the bipolar fuzzy hypergraphs and bipolar fuzzy intersection graphs. Madhumangal Pal and Sanjib Mondal [10]
introduced the bipolar fuzzy matrices and introduced some basic properties of bipolar fuzzy elements by using
max-min composition and the properties of transitive closure and power-convergent are investigated with
examples, Lee J.G. and Hur K. [6] studied bipolar fuzzy relations.

In addition to these operations, new operations called "bounded sum" and "bounded difference" are
introduced by Zadeh and Masaharu Mizummoto to investigate fuzzy reasoning problems that are too complex
for a precise solution. Silambarasan and Sriram [13] studied the bounded sum and bounded product of fuzzy
matrices. Muthuraji and Sriram [9] investigated commutative monoids and monoid homomorphism on
Lukasiwicz conjunction and disjunction operators on Intuitionistic Fuzzy Matrices. A bipolar fuzzy matrix is
essential to solve or model a problem relating to a bipolar uncertain system. In this paper, we explore some

more algebraic results of the said operators and discuss the relationships between other operators.
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PRELIMINARIES

We recollect some relevant basic definitions and results will be used later.

Definition 2.1[6]:A fuzzy set A in a universe of discourse U is characterized by a membership function u,
which takes the values in the unit interval [0, 1] ie, u, : U — [0,1].The value of u, at u(€ U), u,(w),

represents the grade of membership (grade for short) of u in A and is a point in [0, 1].

allalz LR alm

a21a22 LR azm
Definition 2.2:Let A be ann X m matrix defined by A =

Ap1QAny o« Aum

The matrix A is a fuzzy matrix if and only if a;; € [0,1] for 1 <i <n and 1 <j < m. In otherwords, any

n X m matrix 4 is a fuzzy matrix if the elements of A are in the interval [0, 1].

Definition 2.3[10]:A BFS B in X (universe of discourse) is an object having the form

Br = {(x ,uﬂ(x),,uf,(x))} where p,:X —[—1,0]and up:X — [0,1] are two mappings. The positive
membership degree u5(x )denotes the satisfaction degree of an element x to the property corresponding to a
BFS By and the negative membership degree p,(x) denotes the satisfaction degree of x to some implicit

counter property of Bg .

Definition 2.4[10]:Let X,Y € Br where X = (—x,,x,) and Y = (—=y,,,) and x,, x,,¥,, ¥, €[0,1]. Then
i XY= (=[x, V ] L [x VD)
i XY= (=[x Ayl L[ AWD)
iii. X< Yifandonlyifx, <y,andx, <y, Thatis, X< Y ifand only if X+Y =Y.
iv. The complement of X is denoted by X€ and is defined by
X¢ = (—xn,xp)c= (-1+x,,1—xp,)
V. The zero element of a BFS is denoted by 0, and is defined by 0, = (0, 0).
vi. The unit element of a BES is denoted by i, and is defined by i, = (—1,1).
vii. The identity element of a BFS is denoted by e, and is defined by e, = (0, 1).

Definition 2.5[10]:Let A = [a;;] ;xm € Mym, then a;; = (—ajjn, aijp) € Br, Where a;j,, a;j, € [0,1] are
the negative and positive membership values of the element a;; respectively.The set of all rectangular BFMs
of order I X m is denoted by M,,,and that of square BFMs of order m x m is denoted by M,,.
Definition 2.6[10]:Let A = [a;;], B = [b;;]€ M,,,be two BFMs. Therefore, a;;, b;; € Br , then

. A+ B =[a; + bijlixm = (— max{ayjn, bijn}, max{a;jp, bijp}) 1xm

i. A-B =[a;.bjlixm = (—min{ayy,b;jn}min{a;jp, bijp}) ixm

iii. A < B ifandonlyifa;; < b;j, and a;;;, < b;j, That, A< B ifandonlyifA+ B = B.
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iv.  The complement of A is denoted by A° and is defined by
A = (ayn ayp) == (=1 + ayn, 1 - agp)
V. The zero matrix 0, of order m x m is the matrix where all the elements are 0, = (0, 0)
Vi. The identity matrix L, of order m X m is the matrix where all the diagonal entries are i, =
(—1,1) and all other entries are 0;, = (0, 0).
vii.  Alis symmetric if only if (a;;, a;;) = (aj;, ;) forall i, j.
Definition 2.7[9]:Let M be a fixed set. Let e, € M be a unitary element of M and Let * be an operation. Then
(M,*, e,) is a commutative monoid if
i Forall x,y € M impliesx xy € M
ii. Forall x,y,z € M implies (x * y) xz = x * (y * z)
iii. Forallx,e M,x*xe,=x=e, *xx

iv. Forallx,y e M, x*xy= yx*x

SOME RESULTS
Definition 3.1:Consider that two elements in BFS(—x,, x,,) and (—yy, y,) such that
0<—(xp+ y) <—land0 < (x, + y,) <1
i [(—xxp)® =y )] = [—{n + 3 AL {(xp + 3p) A 1]
i, (=20 2)O(=ym )] =[G + ¥ = DV OL{(x, + ¥, — 1) v 0}]

Definition 3.2:Consider two Bipolar fuzzy matrices X = [x;j] mxn and Y = [y;j]mxn Where x =
(=xijn, xijp) aNd y = (=¥ijn, vijp) for all i, j. Now define the operator @ and ® on BFMs

X@Y = [~{(xyn + yijm) A1 {Ceipp + i) A 1]

XOY = [{(xijn + yim — 1)V 0} {(xyjp + yijp — 1) V 0}]

Using these operators for any BFM, X € F,,,,, The authors have proved X is symmetric, Associative ,

De Morgan’s law and Commutative satisfies over @ and ©.

Proposition 3.1: If X and Y are symmetric, then X@Y and X©Y are symmetric.
Proof: Since X and Y are symmetric
(=ijn Xijp) = (=%jins Xip) and (=Yijns Vijp) = (=Vjins Vi)
Now let (—z;j,, z;j,) and (—ugjn, w;j ) be thei j* elements of X @Y and X O Y
Toprove X @Y issymmetric
Let (—z;jn, 2;j,) be the ij™ elements of X @ Y
(=zijn 21p) = [={(xijn + Yijm) A 1A Geip + 31p) A 1]

= [{CGoin + vjn) AL {5 + vip) A ] = (=2jins 2)
Hence X @ Y is symmetric
Toprove X ©®Y is symmetric

Let(—w;jn, u;jp) be the ij™ elements of X @ Y

(=ttijn wijp) = [~{(xijn + ¥ijn — 1) v O} {(xijp + yijp — 1) V 0}]
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= [~{(xjin + jin — 1) v O} {(xjip + ¥jip — 1) vV 0}]
= (~Yjim, Wip)

Hence X © Y is symmetric.

Proposition 3.2: The operators @ and ® are associative
NXOY)OZ=X & (YDIZ)
Proof: Let X = (=xijn, Xijp), ¥ = (=Vijn Vijp) and Z = (=2yjn, Zijp)
Let ij*" elements of BFMS X @Y, Y ®Z, (X ®Y) ® Z and X & (Y ®Z) are as follows.
(=aijn @ijp) = [~{(xijn + Yijn) A L {(xijp + vijp) A L]
(=rijm 1) = [Hijn + 2ijn) A A + 2ij) A1]]
(=sijn sijp) = [={(@im + zim) A1} {(q0p + 2ip) A 1]
(=tijm tijp) = [~{Ceijn + 1) AL {(xijp + 13p) A 1]
Now we have to prove  (=s;jn, Sijp) = (=tijn tijp)
Case L:If (xjn + yijn) < 1and (x5, + ¥ijp) < 1 then
(=aim Qijp) = [~{(xijn + yijn) A1 {(xijp + Yijp) A 1]
= [=(xijn + Yin), (ijp + Yijp)]
(=sijnsijp) = [~{Ceijn + Yijn + 2ijn) AL {(xijp + Yijp + i) A 1]
= [(ijn + Yijn + 2zijn), (ijp + Yijp + 2ijp)]
Subcase 1.1: If x;jn + Yijn + Zijn <1 Thens;j, = Xjjn + Yijn + Zijn.
In this case y;jn + zijn < 1,then t;;, = (Xijn + Vijn + Zijn) A1
= Xijn t Yijn T Zijn = Sijn SiNCE X5, + yijp < 1either y;;, + 7, <lor>1
Suppose v, + zijp < 1then i, = (xijp + Yijp + Zijp) A1
= Xijp + Vijp T Zijp = Sijp
Suppose y;j, + zijp > 1thenty, = (xijp + Yijp + Zijp) A1
= Xijp + Vijp T Zijp = Sijp
Subcase 1.2: If xijn + Vijn + Zijn > 1then (=sijn, sijp) = (=L x5jp + Vijp + Zijp)
In this case y;j, + z;j, <1lor >1
If Yijn + zijn <1
(=tijm tip) = [{Ceijn + 130) AL xijp + Yijp + 20
= [~{Geijn + yijn + zim) AL} x5 + Yijp + Zijp]
=(—Lxyjp + Yijp + Zijp) = (=Stjns Sijp)
If Yijn + Zijn > 1
(=tin tijp) = [~{Ceijn + 1in) A1 {(xijp + 77) A 1]
= (=L xiyp + Yijp + Zijp) = (=Sijn Sijp)
Case 2: If (x;jn + yijn) = 1and (x;, + yijp) <1
Then (=sijn, Sijp) = [~{(xtijn + Yijn + 2ijn) AL {Cxijp + yijp + 2i5p) A 1]
= (=Lxyp + Yijp + Zijp)
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Since (xijn + Yijn) =1
= Xijn + Yijn + Zijn =>1 andxl-jp + Yijp <1
= yijn+ ZijnZ:lor Slandyl-jp+ Zijp<1

Subcase 2.1: If yijn + Zijn >1 and yijp + Zijp <1 then
(=tijm tijp) = [~{(xijn + Vi + 2in) AL} (xijp + Vijp + 2ijp)]
= (“Layp + yijp + zijp)
= (=Sijn Sijp)
Subcase 2.2: If y;j, + z;j > 1and y;;, + z;5, > 1 then
(=tijn tisp) = [—{(xijn + Yijn + 2im) AL {Crijp + Yijp + 2ijp) A 1]
= (=Lxipp + Yijp + Zijp)
= (=SijnsSijp)
Subcase 2.3: If y;j, + z;j, < 1and y;;, + z;;, < 1then
(“tyntip) = (~Lxyp + yijp + Zijp)
= (=Sijn Sijp)
Subcase 2.4: If Yijn + Zijn < 1land yijp + Zijp >1.

This is true from subcase 2.2 and Subcase 2.3.

Case 3: If x;;, + yijn 1and x;;, + yij, > 1then

(=sijn Sijp) = [~{(xim + Vijn + 2i) AL {(xijp + Yijp + 2ijp) A1}]

Subcase 3.1: If x;j + Vijn + zijn < land x;p + yijp + Zijp < 1

Using subcase 1.1 s, = t;jpand s;jp = Xijp + Yijp + Zijp NOW Xij + Yijp + Zijp

If Yijp + Zijp < 1 then tijp = (Kijp + Yijp + Zijp) A= Xijp + Yijp + Zijp = Sijp
Ifyijp + zijp > 1then t, = Xijp + Yijp + Zijp = Sijp

Subcase 3.2: If x;j, + Yijn + zijn < land x;;, + yijp + 2z > 1 then

Sijn = Xijn + Yijn + Zjjnfrom Subcase 1.1, t;;, = sijn

Sijp = (Xijp + Yijp + Zip) A1 = Xijp + Yijp + Zijp = tijp

Subcase 3.3: If x;j, + Yijn + zijn > 1and x5, + yijp + 2 < 1then

From Subcase 1.3 and subcase 3.1 this is true.

Subcase 3.4: If x;j, + Yijn + zijn > 1and x5, + yijp + 2z, > 1 then

From Subcase 1.3 and subcase 3.2, (—s;jn, Sijp) = (—tijn tijp)

Case 4:1If x;j, + yijn = 1and x;;, + y;j, > 1 then from case 2 and Case 3 it is obvious.

iNXOY)OZ=X O OZ)
Proof: Let (—qyjn, qijp) = [~{(xijn + ¥ijn — 1) V O} {(xij + yijp — 1) v 0}]
(=7ijno7ip) = [~{ijn + 2ijm — 1) V O} {(yijp + 2ijp — 1) V 0}]
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(=SijnSijp) = [~{(@ijn + 2Zijn = 1) V O} {(qujp + 2ijp — 1) v 0}]
(=tijn tp) = [~{Ceijn + 10 = 1) v O} {(xijp + 71 = 1) VO]
To prove (—=sijn, Sijp) = (=tijn tijp)
Case 1: If (xl‘jn + yl}n - 1) <0and (xijpyijp - 1) < 0 then (_Qijn' qijp) = (—0, 0)
(=SijnSijp) = [~{(0 + zijn = 1) V 0}, {(0 + 2, — 1) v 0}] = (0,0)
Subcase 1.1: If (xijp + yijp + Zijp - 1) < 0 then (_Sijn: Sijp) = (0, 0) either
yijp + Zijp <0 and yUn + Zijn <0
= (_ti]’n: tijp) =(0,0) = (_Sijn'sijp)
Ifyijn + Zijn > 0 and (yijp + Zijp - 1) < 0 then
(= tijm tijp) = [~{(xijn + Yijn + 2in = 2) VO {(xijp + yijp + 2ijp —2) VO }]
Subcase 12 If (xijp + yijp + Zijp - 1) >0 then
(=sijn Sijp) = (0,215 + Yijp + 2ijp — 2)
Ifyij‘n. + Zijn -1<0 and yijp + Zijp -1>0 then
(= tijm tijp) = (0 xijp + Yijp + Zijp — 2) = (=Sijn Sijp)
Ifyij‘n. + Zijn -1<0 and yijp + Zijp -1<0 then
(= tijm tijp) = (0 xijp + Yijp + 2ijp — 2)
If Yijn + Zijn -1>0 and yijp + Zijp -1>0 then
(= tijn tijp) = [~{(xijn + Yijn + 2ijn — 2) VO {(xijp + yijp + 2ijp —=2) VO }]
Case 2: If x™;; + y”i]. —1<0 and xP;;+ ypl.j — 1> 0then
(=i sijp) = [{Ceijm + Yin + 2in — 2) VO {(xijp + yijp + zijp —2) VO]
= (0, xip + Yijp + Zijp — 2)
using subcase 1.1 and subcase 1.2 clearly it is true.
Case 3: If (xl-]-n + yl]n - 1) > 0 and (xijp + yijp - 1) < 0 then
(=i sijp) = [{Ceijm + Yin + 2in — 2) V O} {(xijp + yijp + zijp —2) VO]
= (~{(xijn + yijn + zijn —2),0})
Subcase 3.1: If xijn + yi]'n + Zijn —2 < 0and xl-jp + yij,, + Zijp —-2<0
then(_sijn,sl‘jp) =0
For any values of (yijn,yijp), (Zijn,zijp)1 (_Sijn' Sijp) = (_tijnr tsz)
Subcase 3.2: If xl-]-n + yl-jn + Zijn —2>0and xijp + yi}-p + Zijp — 2 < 0then
(=SijnSijp) = (=(Xijn + Yijn + 2ijn = 2),0)
Since Xijn + Yijn + Zijn — 2= (Xijn — D + Qijn + zijn — 1) >
:yijn+ Zijn_1>0
(=tijnrtijp) = (=(Xijn + Yijn + Zijn = 2),0) = (=Sijn, Sijp)
Subcase 3.3: If xl-]-n + yijn + Zijn —2<0and xijp + yijp + Zijp -2>0
Searly Sijn = tijn and ti]'p = xi]'p + yijp + Zijp -2

If yijp + Zijp >0 = tijp = xijp + yijp + Zijp -2
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Case 4If xl-jn + yijn —1>0and xl-jp + yijp — 1> 0then

(= sijns Sip) = [~{ (i + Yijn + 2ijn = 2) vV OL{(xijp + Yijp + zijp —2) VO]
Subcase 4.1: If yijp + Zijp -1=0 then tijp = xl-jp + yijp + Zijp 2= Spij
If yijp + Zijp — 1 < 0then tijp =0= Sijp

From a" the abOVe cases (—S”n, Sijp) = (_tijn' tijp)'

Proposition 3.3: Identity
X®ey = (—xyn xijp) @ (0,0)
= [~{Cxijn + 0) A1}, (xyjp + 0) A 1]
= [~{xim AL} xy A 1]
= (=Xijn, Xijp)
Similarly e, ®X = (0,0) @ (—xijn,xl-jp) = (—xl-jn, xijp)
Hence X @ e, = e, ® X = X, where e, = (0, 0) is called the identity element in respect to @ operation.
XOey = (—xijnxijp) © (-1,1)
=[-{(xjn+1-1)vO} (%, +1—-1) VO]
= [~{xijn v 0} xijp VO] = (=xijn, 255
Similarly e, @X = (=1, 1) O(=xjjn xijp) = (=xijns Xijp)

Hence X © e, = e, © X = X, where e, = (—1,1) is called the identity element in respect to ® operation.

Proposition 3.4: Demorgan’s Law:
DX OY)¢ = XY
iNX e =Xx‘ove
Proof. Case 1: If (x;j, + ¥ijn) < 1and (x;;, + ¥ijp) > 1 then
X BV = ((=xijn Xijp)® (—=Yijn: Vijp))"
[—{Cxijn + i) A1} {(xip + vip) ATIDC
[~{Ceijn + yip)} 11°
=[=1+ {(xijn + yi)} 1 - 1]
= [=1 4 {(xijn + ¥in)},0] @)
XOY = (=xynxip) ©  (~ijn Vi)’
= (=14 xijn 1= xi5) O(=1+ Yijn, 1 = Yijp)
= (=1 = xyjn) .1 = x55)O (=1 = yijn) 1 = Vijp)
=[-{(1 —xgjn + 1= yyu = 1) VOL{(1 — x5 + 1= 335, — 1) V O}
= [~{(1 = Gijn + ¥in)) V O3 {(1 = Cxijp + 1)) v 0]
=[=@ = {(xijn + ¥in)} 0]
= [=1+ {(xijn + ¥ijn)}. 0] )

From (1) & (2),(X ®Y)¢ = X¢ @ Y¢
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Case 2: If (xi]-n + y"ij) < 1and (x;, + ¥ijp) < 1then
X @Y = ((—xijn %ijp)® (=Vijnr Vijp))©
= [~{(rign + Yim) A 1} {Crijp + Y150) A )]
= [=Crijn + yijn), (xijp + yijp)]c
=[=1+ CGegjn + Vi) 1= Ceijp + Yijp)]
=[=1+ (egjn + Vi) 1= (xijp + Vijp)] 1)
XCOYE = (=xijn %ijp) @  (=Vim Vi)'
= (=14 xijm 1= xijp) O(=1+ Yijm 1 = yijp)
= (=@ = xijn) 1 = x5p) O(=(1 = yijn) 1 = Yijp)
=[-{(1 =%y + 1=y =) VOL{(1 — x5 + 1= i, — 1) v O}]
= [~ {(1 = (rin + vimm)) v 0}, (@ = (xijp + vip ) V 0
= [~ = Ceijn + yiyn)) (1= Crygp + ¥ij))]
= [=1+ (xijn + ijn) 1= (xijp + yijp)] @)
From (1) & (2),( X ®Y)¢ = X¢ @ Y*
Case 3: If (x;j, + ¥ijn) > 1and (x;, + yijp) > 1then (X ®Y)¢ = X¢ @ ¥Y°=[0,0]
Case 4: If (xl-,-n + y”l.].) > 1and (x;, + ¥ijp) < 1then

X ®Y)¢ =X @Y°=[0,1— (x5 + yijp)|

To Prove ii) (X OY)¢ =X¢ @ Y*
Case 1: If (xl-jn + ynij) < 1land (xijp + yijp) > 1 then (X @Y)C = ((—xijn,xl-jp)@(—yijn,y,-jp))c
= ([~{(xijn + yijn = D)V O} {(xip + yijp — 1) v OJE
C
= [~{(xijn + Yijn = 1)V O} {(xijp + yijp — 1) v 0}]
C
= [—[O'xijp + Yijp — 1]]
=[-14+01— (xyp + yijp — 1)]
=[=1,2 = (xijp + yijp)] 1)

XEDYE = (—xijn, 2ipp) @ (—VijnrVisp)
= (=14 x5, 1= x5jp)B(=1 + Yijn, 1 = Yijp)
= (=1 = x3n) 1 = 235 )B(=(1 = Yijn).1 = Yijp)
=[{(1 = Gjn + 14 yi)) ALL{(1 —xijp + 1 — +v) A 1}]
= [— (2 — (xijn + yijn)) AL (2- (xi]-p + yi]-p)) A 1]
=[-12 = (xyp + yip)] 2
From (1) & (2),(X OY)¢ = X¢ @ ¥¢
Case 2: If (x;j + ¥ijn) < 1and (x;, + ¥ijp) < 1then
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X OY)¢ = ((=Xijn Xijp) O(=Vijn Yijp )"
= [~{(xijn + yijn = 1) v 0}, (xijp + yijp — 1) V 01
=[0,0]°
=[-1+0,1-0]
=[-11] @)
XC@YE = (=i, xijp) @ (=Vijn Vigp)”
= (=14 xn, 1= 245 )O(=1 + Yijns 1 = Yijp)
= (= = xin) 1 = x35)O(= (1 = Yiju) L = Yijp)
=[{(1—xjn+ 1—y) AL (LT —xijp +1— yijp — 1) A 1]
= [— {(2 — (xl-jn + yijn)) A 1}, (2 — (xl-jp + yijp)) A 1]
=[-11] @)
From (1) & (2), X OY)¢ =X¢ @ Y¢
Case 3: If (x;jn + ¥ijn) > 1and (x;, + ¥ijp) > 1then
XOY)° =X @ Y= [(xyjn + yiyn) = 2), (2 = xijp + yijp)]
Case 4: If (x;j, + yijn) > 1and (x;, + yip) < 1then
XONE =X® Y =[(xijn+ yijn) —2),1]

Proposition 3.5:Commutative
Proof: X @Y = (=Xijn, Xijp)®(~Vijn Yijp)
= [~{(xijn + yim) A1} {Crijp + yigp) A1Y]
= [~{(ijn + xijn) AL A{(igp + x15p) A 1]
= (=Yijn Vijp) B (—Xijn Xijp)
=YDX
X QY = (=xijn, Xijp)O(=Yijn: Vijp)
= [{(xijn + yin = 1) v O} {(xijp + yijp — 1) v 0}]
= [{Gijn + 2in = 1) v O} {(yijp + xijp — 1) v 0}]
= (=Yijn Yijp) O(—Xijns Xijp)
=YOX

Proposition 3.5: (F,,, ® .©) is a commutative monoid

Proof:It is clear from the definition 2.10 and definition 3.2 and the proposition 3.2 and 3.5.

CONCLUSION

Eur. Chem. Bull. 2023, 12( Special Issue 8),3949-3958 3957



Commutative Monoids on Bounded Sum and Bounded Product over Bipolar Fuzzy Matrices

This paper deals with the operators bounded sum and bounded product of bipolar fuzzy matrices. Some
properties are defined and some properties are proved. Thus, the bounded sum and bounded product of bipolar
matrices are very useful for further work.
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