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Abstract

Recently, B, - metric spaces are introduced as a generalization of metric spaces. In this paper,
we introduce new contractive mappings on B, - metric spaces and investigate relationships
among them. Examples and counterexamples are provided as and when necessary. In addition,

we obtain fixed point theorems for self-maps on B,-metric spaces
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1. Introduction

The generalizations of the contraction principle in different directions as well as many new
fixed point results with applications have been established by different researchers ([1]-
[6],[8].[9].[12], [14] - [16]. Recently, K.K.M. Sarma, Ch. Srinivasa Rao, and S. Ravi Kumar
[11] have introduced the concept of a B, - metric space as a generalization of S - metric space.

In this paper, we present results on fixed point theory in B, - metric.

2. Preliminaries

Definition 2.1. [11] Let Y, # ¢ and B,: Yy — R be a function meeting the criteria below:
Yo, 90, ho, to, a € Y.

B4(fo, 9o, ho, to) <

B4 (fo, fo, fo, a0) + B4(go, 9o, 9o, @) + Ba(hy, ho, hy, ag) + B4(to, to, to, ag). Then, By is called
a B, - metric on Y, and the pair (Y;, B,) is called a B, - metric space.

Example 2.1. [11] Let Y, # ¢ and define the function B,: Yyt » R

0, iffo=9go=ho=1to

as B4 (fo, 9o, ho, tg) = .
+(fo, 9o, hos to) {1’ otherwise

Then, B, is a B, - metric on Yj,.

Example 2.2. [11] Let ¥, = R and define the function B,: Yy} —» R by
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B4 (fo, 9o, ho, to) = Ifo — gol + 1go — hol + |fo + go + ho — 3tol, Yo, 9o, ho, to € R. Then, B,
isa B, - metricon Y.

Definition 2.2. [13] Let Y, # ¢, and S: Y§ — [0, o0) be a function meeting the criteria below:
Vfo, 9o, ho, a € YoS(fo, go, ho) = 0 & fo = go = ho

S(fo, 90, ho) < S(fo, fo, ag) + S(go, 9o, ag) + S(hy, hg, ag). Then, S is called an S - metric on
Y

and the pair (Yy, S) is called an S-metric space.

Lemma 2.1. [11] Let (Y,, B,) be a B, - metric space.Then,
B4 (fo, fo, f0, 90) = B4(90, 90,90, fo) (2.1)
The relation between a S - metric and a

B, - metric is given in [11] as follows:

Lemma 2.2. [11] Let (Y,, S) be a S - metric space.
Define B,s: Yy — [0, ) as follows:
Bys(fo, 9o, ho, to) = S(fo, go, ho) + S(fo, go. to) + S(fo, ho, to) + S(go, ho, to),

Vo, 9o, ho, to € Yo.
Then B,g is a B, - metric on X. This B,s - metric is called the B, - metric induced by S on Y.

Lemma 2.4. [11] Let (Y, B,) be a B, - metric space. Define S,: Y3 — R as follows:

Sp(fo, 9o, ho) = Ba(fo, fo, 9o, ho) + B4(fo, go, go, ho) + Ba(fo, 9o, ho, ho), Y fo, go, ho € Yo
Then (Y, S ) is a S-metric space with index 2.( S}, is called the S-metric with index 2 induced

by B,).

Example 2.3. Let Yy = {1,2,3,4} and the function

B,: Yy X Yy X Yy X Yy = [0, 00), be defined as

B4(1,1,1,2) = B4(2,2,2,1) = B4(2,2,2,3) = B4(3,3,3,2) = B4(3,3,3,4) = B,(4,4,4,3) =3
B4(1,1,1,3) = B4(3,3,3,1) = B4(4,4,4,2) = B4(2,2,2,4) = 6,B4(1,1,1,4) = B4,(4,1,1,1) = 9,
B4(fo, 9o, ho, to) = 0, if fo = go = hg = &g

B4 (fo, 9o, ho, to) = 1, otherwise, V£, go, ho, to € Yp.

Then B, is a B, - metric on Y.
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Example 2.4. Suppose Y, is a set with at least 4 elements.Define B,: Yyt » Rtby

0, if fo =90 =ho = to
B4(fo, 9o, ho, to) =136, if fy, go, o, to are distinct
1, otherwise

Then, B, is B, - metric with index 2.

3.Main Results

Now we state various contraction conditions [13].

Definition 3.1. [13] Let (Y,, S) be an S - metric space. Suppose Ty is a self-map on Y.

Define various contraction conditions on Y as follows: for each f;, go € Yo, fo # go- (3.1)

( S(fO'fOr gO)' \
S(Tofo, Tofo, o) L
S(Tofo, Tofo, Togo) < max< S(Togo, Togo, 9o
lS(Togo'Togmfo): |
S(Tofo, Tofo, 9o) )

There exists a positive integer p such that(3.2)

( S(fo, fo, 90), )
(T3 fo. T5 for fo),

S(TS fo, T¢ fo, T§ go) < max s S(T3 90, T8 90, 90),
S(Topgo' T(fgo,fo),

\ S(Topfo'Topfo'go) J

v~

There exist positive integers p and q such that,
3.3) S(T5 fo. T3 for Ty 90)
( S(for fo,90)r )
S(TE f0. ¢ for fo)s
< max<{ S(Ty 90, Ty 90, 90),
S(Ty 90, Ty 90, fo),
\S(TY fo, TE fo, 90) J

For any given x, € Y, 3 a positive integer p(x,), such that,

(3.4) S(TO P(xo)f0’T0 p(xo)fO’TéD(xo)go)

Eur. Chem. Bull. 2023,12(7), 1020-1039
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(5o for 00,5 (L4 fo, T8 o ).
S (To p(XO)fo,Tg(XO)folgo),
S(Ty PO0go, Ty *go, fo),
\ S (To POf,, Top(x())fo'go) )
For any given xg, yo € Yy, xo # Yo, 3 @ positive integer p(xo, yo), such that (3.5)
S (T(f(”‘”)fo, Tg)(xo,yo)fO’ Tg)(xo,yo)go)
( S(fo, fo, 9o), )
S (T()p(xO’yO)fo: T(f(xo'y())folfo),
< max ! S(TO p(xo,yo)fO,Tg(x(),yo)fo,go), >
S (1390, g0. o),
LS (To peoyo) £ TOP(xO.yo)fO’ go) )

Now we introduce contractive conditions on B, - metric spaces.

v~

< max

Definition 3.2. Let (Y,, B,) be a B,-metric space. Suppose T, is a self-map on Y,. We introduce

various contractive conditions as follows: for each £, go € Yo, fo # 9o-

B, (fo, fo, fo, 90), Ba(To fo, To fo, Tofo, fo)
B4(Tv90,Togo, Togo, o)
B4(To90,Togo, Togo, fo)»

(3.6)  B4(Tofo, Tofo, Tofo, Togo) < max{
B4(Tofo, To fo, Tofo, 9o) )
3 a positive integer p, such that,

(3.7)
B(To Pfo.To Pfo.To PfoTdg0) <

(Bu(fo, fo. for 900, Ba(To P forTo P fo. T3 fo fo),)
max! By(Ty *90,To Pg0o,To PgorJo) L
By(Ty *90,To Pgo,To Pgo fo)

L By(Ty Pfo,Tofo, To P fo,Go) J

There exist positive integers p, g such that, (3.8) B4(Ty Pfo,To Pfo,To Pfo. Ty 9o) <

By(fo, for f0, 90), Bo(To Pfo.To Pfo. T¢ fo. fo),
By(Ty 90, To g0,To 9o, 90)
B4(T5 90, Ty 90, Ty Go» fo);

By(To Pfo,To Pfo,To Pfo,90)

For any given x, € Y, 3 a positive integer p(x,), such that, (3.9)

1023
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( B4 (fo, fo. fo, 9o), \

B, (Tg)(x())fo, Top(xO)fo’ T(f(x())folfo)

B, (Té’(’“’)fo, TP ppGo) e o) go) < max | Ba (To p(x0) g, TP, TP g go),>
B, (T(f(xO)go,T(f(XO)gol Téj(x[])go’fo),

L Bs (Tg)(x())fo'T(f(XO)fo'T(f(XO)fo'go) )

For any given f, go € Yy, fo # 9o, 3 a positive integer p(xg, yo) 3

(3.10)

(x0,y0) (x0,y0) (x0,y0) (x0,y0)
B, (T(f’ X0,Y0 fo;Tg) X0,Y0 fo»Top X0,Y0 fo»Top X0,Y0 go) <

( B.(fo, fo, fo, 90), )
B (T3 fo 1“0 o, T4 o o)

B, (TOP(XO,YO)gO, Top(xo.}’o)gol Top(xo.}’o)g()’ go) \
B, (T(;?(XOJ’O)gO, Tg)(xo,}’o)g(), Tg)(XO'yO)go: )
| B, (Tg(xo,}’o)fo, Tg?(xo.}’o)fo, Tg?(xo.}’o) for 90) )

max <

Preposition 3.1. Let (Y, S) be a S - metric space, (YO, B45) be the induced B,-metric space.
Suppose Ty is a self-map on Y;. If T satisfies the inequality (3.1), for each f;,, go € Yo, fo # 9o-
Then T, satisfies the inequality (3.6), for each f;, go € Yo, fo # go With Bys

Proof. Let the inequality

S(for fo, 90D, S(Tofo, Tofos fo)s
S(TogoTogo, 9o,
S(Togo, Togo, fo),
S(Tofo, Tofo, 9o)

S(Tofo, Tofo, Togo) < max

be satisfied,
for each fo,go € Yo,fo * Yo- Then by Lemma 22, We haveB4s (Tofo, Tofo, Tofo, Togo)

= S(Tofo, Tofo, Togo) + S(Tofo, Tofo, Togo)
+5(Tofo, Tofo, Togo) + S(Tofo, Tofo, Togo)
= 45(Tofo, Tofo, Togo)

S(fo, f0,90), S (fo, fo. Tofo),
< 4max{5(3g0, g0, Tog0), Sfo, fo, Togo),
590,90, Tofo)

4S(fo, f0, 90), 4S(fo, fo, Tofo),
= max 45(9o, 90, T090), 45 (fo, fo, To9o),
45(90, 90, Tofo)
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By (fo, for f0, 90), Ba,(fo, fo, fo, Tofo),
= max < B4, (9o, 9o, 9o, Togo), Ba, (fo, fo, fo, Togo),
B4 (g0, 90, 90, Togo)

By (fo, fo, f0, 90),
By (Tofo, Tofo, Tofo, fo)»
= max < Bs, (To g0, Togo, Togo, 9o)»
LBLLS (Togo, Togo, Togo fo)»J
By (To fo, Tofo. Tofo» 9o)

Thus (3.6) is satisfied in (X, B, ).

Preposition 3.2. Let (Yy, B,) be a B, - metric space, (Y, S,) be the S - metric space with index
2 induced by B,. Suppose T, is a self-map on Y,. If T, satisfies the inequality (3.6), then T,
satisfies the inequality (3.1). for each f;, go € Yo, fo # 90

Proof. Let the inequality (3.6) be satisfied. Using the inequality (3.6) and, we have

Sy (Tofo, Tofo, Togo) = Ba(Tofo, Tofo, Tofo, Togo) + Ba(Tofo, Tofo, Tofor Togo)
+B4(To fo, To for Tofo, Togo)
= 3B4(To fo, Tofo, Tofo, Togo)
B, (fo, fo, for 90)» Ba(To fo, To fo, To fos fo)»
< 3max { B4(Togo, Togo, Togo» 90)» B+ (Togo, Togo» ToGos fo), }
B4 (To fo, Tofo, To fo, Go)
3B4(fo, for for 90)» 3B4(To fo, To fo, Tofor fo)s
< max {3B4(Togo, To o, Togo» 90), 3B4(To o, To o, To 9o, fo)
3B4(To fo, Tofo, Tofor 9o)
( By (fo, fo, for 90) + Ba(go, Go» 9o fo)» \
B4(Tofo, Tofo, Tofo, fo) + Ba(fo, for fo. T fo)s
= max { B4 (To g0, Togo, Togo, o) + B4(go, 9o, 9o, Togo)
B4(To 9o, Togo, ToJo, fo) + Ba(fo, fo, fo, T 9o)
B4 (To fo, Tofo, Tofo» 9o) + Ba(Go, Gor 90, Tofo)

— max {Sbfo; fo,90),Sb (o, fo o), S5 (90, 9o, Togo)}
S»(fo, f0,T90), Sv (9o, 9o, Tofo)
And so, the inequality (3.1) is satisfied on (Y;, Sp).

Corollary 3.1. Let (Y;,S) be a S - metric space, (YO, B4s) be the B4~ metric space induced by S.
Suppose Ty is a self-map on Y. If T, satisfies the inequality (3.2). [resp. (3.3), (3.4), and (3.5)],
then T, satisfies the inequality (3.7) [resp. (3.8), (3.9), and (3.10)].
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Corollary 3.2. Let (Y, B,) be a B,-metric space, (Y, S,) be the metric space obtained by the
metric induced by B,. Suppose T, is a self-map on Y;. If T satisfies the inequality (3.7) [resp.
(3.8), (3.9), and (3.10)]. Then T satisfies the inequality (3.2) with S, [ resp. (3.3), (3.4), and
(3.5)]

The implications of the following prop can be easily established.

Preposition 3.3. Let (Yy, B,) be a B, - metric space. Suppose Ty, is a self-mapping of Y;.
Then (3.6) = (3.7) = (3.8) and (3.7) = (3.9) = (3.10)
The following example shows that (3.10) need not imply (3.9)

Example 3.1. Let Y, = [0,1] U {3} and define the function B,: Y, — [0, o).

Define B, (fo, 9o, ho, to) = |fo — hol + g0 — hol + |fo + go + ho — 3tol, Yfo, 9o, ho, to € Yo.
Then, by Example 2.2, B, is a B, - metric on Y,. Define Tj: Yy — Y, by

. 1 1
(Vio, ifx€01], fo#5.fo#5
1 1
=, if fop ==
70T 3, if fy = 2
1 .

Then Ty is a self-map on the B, - metric space. ¥, = [0,1] U {3}.
Further, T, satisfies (3.10), but does not satisfy (3.9).

4. Fixed point theorems

In this section, we show that under certain contractive conditions a fixed point, if exists, is

unique. And we obtain some fixed point theorems for self-maps on a B,-metric space.

Theorem 4.1. Let (X, B,) be a B, - metric space. Suppose Ty is a self-map on Y;, which satisfies
the inequality (3.10). If T, has at most one fixed point.

Proof. Suppose that f; and g, are two fixed points of T, such that £, go € Yo, fo # go-

Then by inequality (3.10), 3 a positive integer p = p(x, yo), such that
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B, (Tg)(xO'yO)fo, Top(XO'yO)fo: TOIJ(XO.Yo)fO' TOP(XO.YO)gO) <

By (fo. fo, for 90)» Ba (Té’("“‘y‘))fo, T(f(xo'y())fo: Té’(x"'y‘))fo,fo)“

B, (Tg?(xodm)go’ Top(xo.}’o)go’ Tg?(xo.}’o)gol go) ’
max p(x0.50) p(x0.50) p (x0,50) (
B, (TO 0,50 9o, T 0.Y0 9o, T! 0:Y0 go,fo)’

\ B, (Top(xod’o)f()’ Tg?(xo'yo)f()’ Tg)(xo'y())fo:go) )

= max{B4(fo, fo. f0, 90), 0,0, B4+ (fo, fo, fo, 90), B+(9o, 90, 9o, f0)}
= B4(fo, fo, f0, 90) (by lemma 2.1)
Therefore B, (fo, fo, fo, 9o) < Ba(fo, fo, fo, 9o), @ contradiction.

Hence f, = go. Therefore, T, has at most one fixed point.

In view of Proposition 3.3, we have the following corollary.

Corollary 4.1. Let (Y;, B4) be an B, - metric space. Suppose Ty is a self-map on Y, satisfying

the inequality (3.6). [resp. (3.7)] has at most one fixed point.

Proof. T, satisfies (3.6) = T, satisfies (3.10)

= a fixed point, if exists, is unique.

Theorem 4.2. Let (Yy, B,) be a B, - metric space. Suppose T, is a self-map on Y, satisfying the

inequality (3.8). If T, has at most one fixed point.

Proof. Suppose that f, and g, are two fixed points of T,.
Then by inequality (3.8), there exist positive integers p, g such that,
By (fo, fo, for 90) = 34(Topf0,Topf0,Topf0,Toqgo)
By(fo, for for 900, Ba (T8 fo. TS 1o, TS for fo),
< max 3 B4(T g0, Ty 9o, Tg 90, 90), B+(T3 90, Ty 90, Ty 9o, fo),
By (T fo, T8 fo, T¢ fo, 90)
= max{B4(fo, fo, f0, 90), 0,0, B4(go, 9o, 9o, f0), Ba(fo, fo, fo, 9o)}
= B4(fo, fo, fo,go)  (by lemma 2.1)

Therefore, B, (fo, fo, fo, 90) < Ba(fo, fo, fo. 90).
which is a contradiction. Hence f, = go.

Definition 4.1. Let (Y,, B,) be a B,-metric space and A c Y,. Then, A is called B, - bounded
if 3r > 0, such that B4(f0,f0,f0,g0) <r, Vfo,g() € A.
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Definition 4.2. Let (Y,, B,) be a B,-metric space. Suppose T is a self-mapping of Y;, and
fo € Yy. A point f, is called a periodic point of T, if 3 a positive integer n, suchthat T, "f, =

fo- The least positive integer satisfying the condition T, ™ f, = f, is called the periodic index
of fy.

Lemma 4.1. Let (Y, B,) be a B,-metric space. Suppose {f, } and {go, } or such that

lim, 0 fo, = fo and lim, e, go, = go- Then B4(fo,, fo,» fo,» 90,) = Ba(fo, fo. for 90)

Lemma 4.2. Let (Y,, B,) be a B,-metric space. Suppose {fon} convergesto f, and gg € Y.

Then, B4(fon»fon»fon:gon) = By (fo, fo, fo, 9o)-
Proof. Take gy, = go, Vn, in the Lemma 2.4.

Definition 4.3. Let (Y;, B,) be a B,-metric space. Suppose Ty is self-map on ¥, and A c
Yo, fo €Y.

Then (1). 6(A) = sup{B4(fo, fo, o, 90): fo, 9o € A}.

) OTo(fo»n) = {fo»Tofo'Tozfo' w,To "fo}.

(3) 01, (fo, ) = {fo, Tofo, T¢ for -, To "for -}

6(A) is called diameter of A.

If 6§(A) < oo, then we say that A is bounded.

Theorem 4.3. Let (Y, B,) be a B,-metric space. Suppose Ty, is a self-mapping of Y, such that
Every Cauchy sequence of the form {T, "f,} is convergent in Yy, Vf, € Yy; 3h € [0,1) such
that

B, (fo, fo, fo, 90), Ba(To fo, To fo, Tofo, fo)»
B4 (Tofo, Tofo, Tofo, Togo) < max < B4(Tog0,Togo, Togo 90)» Ba(Togo, Togo, Togos fo),
B4 (To fo, Tofo, Tofo, 9o)

for each f, go € Yo. Then B4(Ty  f0,To fo.To 'fo, To 7 fo) < hS[0r, (fo, 0]
Vi,j <nneNandf, €Y,
3
810, (fo, )] < 5 B+ (To fo, Tofo, Tofo, o)V fo € Yo;
fo €Yy =>{T, "fy}isa Cauchy sequence;

lim,, Lo T¢' fo = 9o, To has one and only one fixed point.
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Proof. (i) Foreach f, e Yyandall 1 <i,j <nn €N

Wehave T, LT, LT, ‘LT, 7 € 0(fy,n)
It follows from (3.1)B4(Ty fo,To fo.To fo. TL fo)

=B, (To (T6™£0), To(T6 ™" fo), To(T§™ fo), TO(T({_lfo))
(Bo(To "fo.To “foTo foTo 77 fo))
By(To “fo.To “fo.To “fo,To fo)
< hmax{ By(To "o, To "fo.To ' fo,To ' fo)
By(To “fo.To "“fo.To *fo.To ’fo)
\ B4(To j_lfo,T({_lfo:To I 0, To ifo) J
< hé[07, (fo,m)]
Bi(To ‘fo.To ‘fo.To ‘fo.To ’fo) =< h8[0r,(fo,)]
This shows that 3j,1 < j < n such that 8[0r, (fo, n)| = B4 (fo, fo, for T3 fo)
(i) We have OTO(fo;OO) = {fo»Tozfo: v To "fo, o} 5[0T0(f0,n)] = B4(f0'f0’f0’T0 jfo)
forsomel<k<n
Also §[0r, (fo, W] < 8[0r, (fo,n + 1] = By(fo. fo, fo, Té fo) forsome 1 < I < n + 1. Given
foandn, 3k,1 < k < n such that
Or, (fo, ) = sup|[Or, (fo,n)] = P By (fo, fo. fo for for fo, )0 < m = n + k (say)
By(fo,» fo,» fo,r fo,) < hS[Or,(fo,_,n+ k)| n+ky <m
Therefore 8[0r, (fo,,m)] = Ba (fo, fo, for: forsn, )
< hé[07,(fo,_,n+ k1)
< h25[04,(fo, _,n+ k)| n+k, <n+k
Now By (fo, fo. fo, To - “fo) < Ba(fo, fo, fos Tofo) + Ba(fo, fo, fo, Tofo) + Ba(fo, fo, fo, Tofo) +
Bs(To *fo.To “fo.To *fo. fo)
5[0To(fo:n)] < 3B4(fo, fo, fo, Tofo) + Ba(To *fo,To *fo.To  *fo, fo)
< 3B,(fo, fo, fo, Tofo) + hOr,(fo, k)
< 3B4(fo, fo, fo, Tofo) + RO, (fo, 1)

[0, (fo,n)] — hOr, (fo,n) < 3B4(fo, fo. fo. Tofo)
3
1 —

Therefore §[0r, (fy,n)] < %34(f0;f0»f0'Tofo),Vfo €Y.
(iii) OTO(fo’n) = {fo,Tozfo; wTo "fo}

~~

sup

8[or, (fo.m)] < hB4(f0,f0»f0, Tofo),Vn
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Given x and m, 3k, 1 < k < n, such that §[Or, (fo, W] = Bs(fo. fo, fo. fo, ), < m
By(fo,, fo, fo,r fo,..) < hS[0r,(fo,_,m+ k)] n+1<k
8[07,(fo,»m)] = Ba (fo,» fo, o foner, ) < h8[07, (o, _pom + ky)|m + ey <m
< h?58[04,(fo,_,m+ k)| n+k, <n+k
< h"8[0r,(fo, ., fo+km)n+ky <n+k,g<m
< h"8[0r, (fo, m)]
< h"8[0g, (fo, )]

3
< h" = Bu(Tofo, Tofo, Tofo, fo)

—>0asn - o

Therefore, 5[07,(fy,,m)] - 0asm — o

Therefore, By(fo,, fo, fo,» fo,,) < 8[01,(fo,,m)] » 0asm — oo

Therefore, {f,, } is a Cauchy sequence.

(iv) Suppose {T, ™f,} is a Cauchy sequence and hence convergent, say to g, ( by (i)).
Thatislim, Ty "fo = goWrite fo, =T¢' fo

To(fo,) =To(To "fo,) =To(To ™“"fo,) = fo,..
By(To(To "f0), To(To "f0), To(To " fo), Toy)-

By(Ty "fo,To "fo,To ™forGo),
<hmax{ By(To(To " f0), To(To  "f0), To(To ™ fo), To nfo),l
B B4(To g0, Togo, Togo, 90)» Ba(Togo, Togo, Togo, To " fo),

By(To(Ty "f0), To(To "f0), To(To  "fo)» 9o)

B4(fon»f0n, fon, 90)' B4(f0n+1' f0n+1' f0n+1' fom )'
= hmax B4(To g0, Togo, Togo, 9o)
B4(To90, Togo, ToGo, fo, ), Ba(fo,1» fo,s1r fo,110 90)

B4(fon;f0n'fon'y)'B4(f0n+1'f0n+1'f0n+1'f0n)’
= hmax B4(90, 90, 90, Togo),
B4(fo, fo, fo,0 To90), B4 1, X1, X1, o)
= hmax{0,0, B4 (g0, 90, 90, To90), B+ (9o, 9o, 90, To9o), 0}
= hB4(90, 90, 90, To9o)
LHSBy(To(To "fo). To(To "fo). To(To "fo)To " fo) = Ba(go, 9o, 90, Togo)

< hB4(90, 90, 90, To9o)
Therefore, (1 — h)B4(go, 90, 9o, Togo) = 0

Therefore, B,(9¢, 90, 90, Togo) = 0,since0 < h <1
Therefore Ty gy = go-
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Now we prove that g, is the one and only one fixed point of T,. Let g, and g,  be two fixed
points of T,.

Then Togo = go and Togy = go . Using (3.1) and Lemma 2.1, we have

B4(go, 90, 90, 90) = 34(T099’T090»T090»T09£))
34(90»90»90; 90,);371(90»90,;90,71090),
< hmax B4(go»go;go;quo ),’
B4(g0, 90, 90, Togo), B4(go, 9o 9o, ToGgo)
= hB4(9o, 9o, 9o, 90)

Since 0 < h < 1, we get B4(go, 9o, 9o, 9o) = 0, thatis, Togo = Togo = Jo = Jo

7

Therefore T, has one and only one fixed point g.

Also limn_)oo Tnfo = Jo-

Theorem 4.4. Let (Y,, B,) be an B,-metric space. Suppose T is a self-map on Y, which
satisfies the inequality (3.10), and f, € Y,. Assume that x is a periodic point of T, with periodic
index m > 2.

Suppose
B, (Téo(xo.yo)fo’ Tg(xo,yo)fo’ Tg(xo,yo)fo’ Té?(xo,yo)go)
(B4(fo, for for 90), Ba (T(f(xo'y())fo» T(f(xo'm)fo' T(f(xo'm)fo'fo)\
By (Top(xo'y())go' Té’(’“”y")go. T(f(xo'y())go,go),
B, (Top(xo'y())gol Top(xo'm)go; Tf(xo'yO)go'fo).
[ B (R O T, 00)

for each fo, go € Yo, fo # go. forany Ty 'fo,To 7 fo € {Ty "fo}
m=0),Ty, fo =Ty, ‘fo3To *fo.Tifo €{Ty ™f,}, such that

< max <

T, (To “folo ‘o)1, *f)=T, if, andTOp(TO foo fO)(Téfo)zT({fo-

Then, m = 1, thus the point f, is a fixed point of T in Yj.

Proof. The given inequality (3.10) is Suppose f, is a periodic point of T, with periodic index
m =2,

show that T, fo = fo. {To  "fo} = {fo, Tofo, -, To ™' fo} = A (say), Since fy # Tofo,

then there exist Ty ify, Ty 1fo € A, =Ty 'fy # T} f,, such that

5(A)=B4(To ifo’To ifo’To ifo'To jfo)
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By the hypothesis, there exist T, *f,, Tif, € A, suchthat T, P(To “foTo lfO)(TO kfy) =
Tif,and T, P “foTo 'f)(T, 'f) =T, if,SinceT, fy T, Jf,, we obtain

To “fo=To 'fo.
Hence, we have §(A) = B4(Ty fo,To fo.To 'fo.To 'fo)

=B4< TOP(TO k fo.To lfo)(TO k£ ), T p(To *forTo lfO)(TO K£), )
T, P “folo lfo)(To “f0)To P(To *fo,To 'fo)(To 'fo)
Bi(To *fo,To *fo.Tofo,To 'f0),Ba(To 'fo.To fo.To 'fo.To *fo)
< max B4(T(§f0»To fo.To ' fo, To lfo),Bz}(To jfo,Tgfo'Tgfo,To kfo)’
Bi(To 'fo.To 'foTo 'foTo ‘'fo)
< §(A), a contradiction, and so, we have f, = Ty fj.

Hence m = 1, consequently, T, f, = fo and fy is a fixed point of T,

Corollary 4.2. Let (Y,, B4) be a B,-metric space. Suppose T, is a self-mapping of Y;, the
inequality (3.9) be satisfied, and f;, € Y, be a periodic point of T,,, with periodic index m,
satisfying (4.1)

Then, m = 1 and the point f; is only one fixed point of T, in Y;.

PI’OOf. W”tEA = {fo,T()f(),...,To m_lfo}
Take p = p(fy) (associated with x, according to (3.9)).
since (3.9) = (3.10), we get the result from Theorem 4.4.

Corollary 4.3. Let (Y, B,) be a B,-metric space. Suppose T, is a self-map on Y, which
satisfies the inequality (3.8), and f; € Y, be a periodic point of T. Then, f; is the at most fixed
pointof Ty if 3T, "3fy, Ty ™fo €{Ty "fo}l(n=0),andT, ™3fy, #T, ™f,, such that
To P(To ™fo) =Ty ™foand T (Ty ™fo) =Ty "2fo,forany Ty ™fo, Ty "fy €

{To, "fol(n=0),T, ™f, #T, "f,.Here, p and q are the positive integers.

The proof is similar to that of Theorem 4.4.

Corollary 4.4. Let (Y,, B4) be a B,-metric space. Suppose T, is a self-map on Y;, which
satisfies the inequality (3.7). Then, the following conditions are equivalent:

T, has a fixed point in Y,3 a periodic point f;, € Y, of T and (4.1) holds for some f;, € Y.
Then, the point £, is only one fixed point of T in Yj.
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Proof. Clearly (1) = (2).
Now suppose (2) holds.
Then, (3.7) = (3.10) and hence by Theorem 4.4, we get the result.

Theorem 4.5. Let (Y, B,) be a B,-metric space. Suppose Ty is a selfmap on Y, which satisfies
the inequality (3.8). Suppose f; € Y, is a periodic point of T, with periodic index m. Suppose
that p and g are positive integers. Suppose the following conditions are satisfied.

Dp=pm+p2s gq=qam+4qz 0=pyq, <m,
and py, g, are non-negative integers

(i) 2|p, — q2| # m Then, the point f; is the at most one fixed point of T, in Y;.

Proof. If m = 1 then T, fy = T§" f, and hence x is a fixed point of T,,. Hence, we assume that
m > 1, now we show that x is a fixed point of T,. Let

A =A{T¢ fo} = {fo, Tofo, T¢ for - T¢ for -}

Since the periodic index of f; is m, we have A = {Ty "fo} = {fo. Tofo, Téfor - To ™ *fo}
and the elements in A are distinct. Therefore, there exist i,j, suchthat 0 <i <j <m

TO mf0=f0andT(§fO¢f0f0I‘2Si<m

= To(Tq" fo) = Tofo

by the given inequality (3.8)

( By (fo, fo, for o), )

B(T¢ fo TS fo, T8 for fo),

Bo (T8 fo. T for T¢ for Tol 90) < max3 Ba(T5'90,To 90, T3 9o, 9o)»
B4(Toq90'TO ng,TOng,fO),

\Bs(To Pf0.T¢ fo: To P for90)

Write i = p, + ny whereny; =i —p, ifi > p, and

"

n=m+i—pyifi<pandj=q, +ny,wheren, =j—q,ifj=>qgyandn, =m+j—q,
Where p1, 2, g2, q; are asinifil) Then0 < n; <mand 0 <n, <m
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§(A) =By(Ty fo,To fo.To fo,To 'fo)

= By (T02(T3 o), T3 (T3 £), TE (T o), T2 (T2 o))

=8, (To P f).To P(I fo). 0 (T3 £o) T3 (T )

( BTy fo. Ty fo. Ty Hfo. To- "2 o), )
By(Ty 92(Ty ™fo),To P(Ty ™ fo),To P(To ™fo),To ™fo),
< max < By(T{*(Ty "2fo), Tg*(To  2fo). Tg* (T "2f0). To "2fy),
By(Toq2(To "f0), Toq2(To? fo), To 2(To "2fo), To ™ fp),
B,(Ty P(Ty ™fo),To P(To ™fo),To P(Ty ™fo),To ™fo) )

~—

<46(4)
Therefore §(A) < §(A), which is a contradiction. Hence m > 1 is false. Consequently m = 1
so that Ty f = 1.

Hence f, is the one and only one fixed point of T, in Y;.

5. Some applications of Contractive mappings on B, — metric spaces

Lemma 5.1. Let (Y,, B,) be a complete B, - metric space.

Then, B4(fo, fo, fo. to) — 3B4(fo, fo, fo, b) < Ba(fo, fo, fo, b)

Proof. From definition 2.1 (ii), B4(fy, 9o, ho, to)
< B4 (fo, fo, fo, @0) + B4(go, 9o, 9o, @) + Ba(ho, ho, ho, ag) + B4(to, to, to, ag)
Putting fo = go = hy = b, ty = c then,
By(b,b,b,c) < By(b,b,b,a) + B4(b,b,b,a) + B4(b,b,b,a) + B,(c,c,c,a).
B4(b,b,b,c) < 3B4(b,b,b,a) + B,(c,c,c,a)
By(b,b,b,c) — 3B4(b,b,b,a) < B,(c,c,c,a)
Therefore B, (fo, fo, fo, to) — 3B4(fo, fo, fo, b) < Ba(fo, fo, fo, b)-
Now, we introduce the notion of a T}, - orbitally complete B,-metric space.

Definition 5.1. Let (Y,, B,) be a B, - metric space. Suppose T, is a self-mapping of Y;. Then Y,
is said to be T}, - orbitally complete if every Cauchy sequence which is contained in the

{fo, Tofor -»To "fo, -}, for some f, € Y, converges in Y;.

Theorem 5.1. Let (Y, B,) be a B, - metric space and Ty: Y, — Y,. Assume that T}, - orbitally
complete. Suppose3 h € [0,1) 3
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(5.1) B4(Tofo, Tofo, Tofo, Togo) <

B.(fo, fo, fo, 90), Ba(Tofo, Tofo, Tofo, fo)
hmax { B4(To fo, To fo, Tofo, 90), Ba(Togo, Togo, Togo, fo) ¢ Vo, 9o € Y.
B4+ (To90,T090, T090, 90),

Then, T, has only one fixed point in Y;.

Proof. Since Y, is T}, - orbitally continuous condition (1) of Theorem 4.3 is satisfied.
Hence the result follows from Theorem 4.3.
The following theorems are the generalizations of the fixed point theorems given in [11] to a

B, - metric space (Yy, By).

Theorem 5.2. Let (Y, B,) be a complete B, - metric space. Suppose T, is a continuous self-
map on Yy. There exist positive integers p and g and 0 < h < 1, such that,
(5.2) Bu(To Pf0,To Pfo. T fo. T 990)
Bs(T{ fo. To "fo.To "foTo °90).Ba(To "fo.To "fo.To "fo.To ™ 9o)

< hmax Bs(To “90,To *90.To *90.To * 9o)
:0<rr <pand0<s,s <q

Then, T, has one and only one fixed point in Y.

Proof. We may assume that% < h < 1, so that 1_}13 =1

Let us assume that p > g. Suppose f, € Yy,
Assume that sequence {T§ fo: n = 1,2, ... } is unbounded.
Hence the sequence {B,(Ty "fo0.To "fo.To "fo.To ?fy):n = 1,2,...}is unbounded.

Hence, 3 an integer n such that
h : P .
By(To "foTo "foTo "foTo fo) 2 —max{Bi(To ‘fo.To 'fo,TofoTg'fo):0 < i<

p}

Let m be the smallest integer n satisfying (i)

Then, (ii)

h . . .
By(To "fo.To ™fo.To ™fo.To qf0)>mmax{34(To forTo forTo o To' fo): 0 <
i <p}

Clearly, m > p. Hence, (iii) B4 (Tg" fo, TS fo, TS fo. Ty fo)

>

h i if mip ma ,
1-3n max{By(To ‘fo,To 'fo. Tofo, Tg fo): 0 < i < p}
=max{Bs(Ty "fo,To "fo,To "fo,To f0):0<7r <m}

1035
Eur. Chem. Bull. 2023,12(7), 1020-1039



Fixed point theorems on B4 - metric spaces
Section A-Research paper

(iii) Consequently, we
have,(1 —30)By(To ™fo.To ™fo.To ™fo.To fo) >

B,(Ty ™fo,To ™fo,To ™fo,To fo)
hm“{ 0<i<p }

> hmax By(To fo.To 'fo.To 'fo.To “fo) =3Bs(To "fo.T¢fo,To "fo.To fo)
- 0<i<p0<r<m

(by Lemma 5.1)

> hmax B4(T0 fo.To 'fo.To fo.To rfo)_3B4(To "foo.To ™fo.To "fo,.To o)
B 0<i<p0<r<m

Thus,
B,(Ty "fo,To ™fo,To ™fo.To %fo) >

i i i r
max B4(TO fO' ’]TO fOl TO fO’ TO fO) (lV) Suppose, if pOSSIble B4 (TO mfo, TO me' TO mfo, TO qJ
0<i<p0<r<m

hmax{
0<iandr<m

B4(T0 ifOITO ifO'TO ifO'TO rfO)}

and so, by (iv),
Bi(To ‘fo.To 'fo.Tofo, To rfo)}

Bi(To "fo.To ™foTo ™fo Ty fo) < hmax{ p<iandr<m

(v) Using the inequality (5.2), we can write

By(Ty ™fo.To ™fo,.To ™fo,.To fo) < h*max {B4(TO ifO'TO ifO’TO ifo,TO rfo)} )
p<iandr <m

fork =1,2, ..

Since, we can omit the terms of the form as B4(Ty  fo,To 'fo.To 'fo,To *fo) with

0 < i < p Oby (iii)Now, on letting k — oo we get

By(To ™fo.To ™fo,To ™fo,To 9fo) =0, acontradiction (ii).

Therefore, the inequality (iv) does not hold.

BTy fo,To fo.To 'fo. Ty
Hence B4,(Ty ™fo,To ™fo,To ™fo.To qfo)>hmax{ (To oo foTo 'fo Ofo)},

:0<iandr <m
Thus, the sequence {Ty, ™fy:n = 1,2, ...} is B, - bounded.
Now, we put

N =sup{Bs(Ty "fo,To "fo,To "fo,T5fo):r,s =0,12,..} < oo
Therefore, for e > 0. Choose M, such that, kM N < €. For m,n > M max{p, q}
and using the inequality (5.2) M times,
we have B,(Ty, ™fo,To ™fo.To ™f0.To "fo) < hYN <e.
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Hence, the sequence {T, "fy:n = 1,2, ...} is a Cauchy sequence in the complete B, metric
space (Yy, B,) and so has a limit ug in Y;.
Therefore Ty ™u — wu, since Ty is continuous Ty (T, "fy) = Tou. Thatis T, ™*1fy - Tyu.
Therefore, Tou = u
Therefore, u, is a fixed point of Tj.
Now we show that wu, is the one and only one fixed point of Tj,.
By the inequality (5.2). B4(Ty ?fo,.To Pfo.To Pfo,To ?90)
By(To "fooTo "foTo "foTo °go) B4(To "fo.To " fo, To rfo’Torlgo)

< hmax Bs(To “90,To 90T *90.To * 9o)
:0<rr <pand0<s,s <q

Suppose u, and v are two fixed points of Tj,.
Putting, fo = uand go = vin (5.2), we get B4(Ty Pfo,To Pfo.To Pfo,Tg go) <
(B4(Ty "u, Ty "u,Ty "uTy “v))
Bi(To "wTqu,Ty "uT{ v)
Bi(To v, Ty *v,Ty, v, T, °v)]
L 0<rr SpandOSs,s' <q

hmax

Therefore, B, (u, u, u, v)

< hmax{B,(u,u,u,v), By(u,u,u, u), B4(u,u, u, v)}Bs(u, u,u, v) < hBy(u,u,u, v)
= B,(u,u,u,v) =0
Therefore, u = v.

Therefore, u, is one and only one fixed point of T, in Y.

Corollary 5.1. Let (Y;, B;) be a complete B, - metric space. Suppose T, is a continuous self-

map on Y, and satisfies the inequality (5.2). 3 positive integerspand g and 0 < h < 1,

such that,

B4(To "fo.To "fo.Tgfo,To °go)
B4(To " fo.T§ fo. T§ fo. To rlgo)

Bo(To *90.To *90.To °90.To ° 9o)
0<rr <pand0 <s,s <q

B(To Pfo.To Pfo.To Pfo, Ty go) < hmax

Then, T, has one and only one fixed point in Y;.

Proof. It is straight forward
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Remark 2: The condition that T,, be continuous when p, g > 2 is necessary for Theorem 4.3
The following example shows that Theorem 4.4 cannot be always true when Tj is a

discontinuous self-map on Y;.

Example 5.1. Let R be the real line. Let us consider the B, metric defined in

Example 2.2, on R.

Define Ty: R - R by T, Lo M=0
efine Ty: R — = _

0 Yy Tofo %o’ if f, # 0
Then, T, is a discontinuous self-map on the complete B, - metric space [0,1].
For each fo,go € To.

we

obtainB,(Ty Pfo.To Pfo.To Pfo.Ty go) =

1 _ _ _ _
ZEM(7b P To P o To P Mo To 971g0)

and so, the inequality (5. 1) is satisfied +with h = %

Conclusions

We presented a new contractive mapping on B, - metric spaces, find their relationships with
suitable examples and we got, self-map fixed point theorems on B,- metric spaces. In future we

will investigate on B, - metric spaces.
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