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Abstract

Let G = (V,E) be a simple graph. A connected dominating set S of V(G) is a secure connected
dominating set of G if for each u € V(G)\S, there exists v € S such that uv € E(G) and the set (S\{v}) U
{u} is a connected dominating set of G. The minimum cardinality of a secure connected dominating set
of G, denoted by y,.(G), is called the secure connected domination number of G. Let F, be a fan graph
with n + 1 vertices and let D, (F,, i) denote the family of all secure connected dominating sets of £, with
cardinality i. Let dg.(F,, i) = |Ds.(E,, i)|. In this paper, we construct D, (F,, i) and obtain the recursive
formula for d.(F, i). Using this recursive formula, we construct the polynomial, (FE,, i) =
Z?:ylsc(pn) Dy, (E,, ) x* which we call secure connected domination polynomial of F, and obtain some

properties of this polynomial.

Keywords: Domination, Connected Domination, Secure Connected Domination, Secure Connected
Dominating Set, Secure Connected Domination Polynomial.

DOI: 10.48047/ecb/2023.12.Si8.536

INTRODUCTION

Let G = (V, E) be asimple graph. The terms “dominating set” and “domination number” were coined
by Oystein Ore in his book on Graph Theory [6]. If the subgraph < S > induced by S is connected in G,
then the dominating set S is termed to be a connected dominating set [4]. The concept of secure connected
domination in graphs was introduced by Amerkhan G. Cabaro, Sergio S. Canoy, Jr. and Imelda S.
Aniversario [1]. A connected dominating set S of V(G) is a secure connected dominating set of G if for
each u € V(G)\S, there exists v € S such that uv € E(G) and the set (S\{v}) U {u} is a connected
dominating set of G. The minimum cardinality of a secure connected dominating set of G, denoted by
¥sc(G), is called the secure connected domination number of G. Let F,, be a fan graph with n + 1 vertices
and let Dy (F,, i) denote the family of all secure connected dominating sets of £, with cardinality i and
dsc(Fy, 1) = |Dsc(Fy, )|. The polynomial, Dg.(F,, i) = X2, ) Dsc(F,, i) x* which we call secure
connected domination polynomial of F,. Throughout this paper, [n + 1] denote the set {1,2,3, ...,n,n +

1).
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To generalize the secure connected dominating set of F,, we denote the vertex with degree n as {1}
and the remaining vertices as {2, 3, ..., n,n + 1} respectively.

Example 1.1

2 3 4 5 6 7
Figure 1: Fan Graph Fg

Here V={1,2,3,4,5,6, 7} S={1, 3, 6} is a connected dominating set; V — S = {2, 4, 5, 7}. Also,
{1, 2, 6}, {1, 4, 6}, {1, 3, 5} and {1, 3, 7} are connected dominating sets. Therefore, S = {1, 3, 6} is a

secure connected dominating set of Fj.

I. SECURE CONNECTED DOMINATING SETS OF FAN GRAPH

Let the family of all secure connected dominating sets of F, with cardinality i is denoted by D.(F,, i).
In this section, we will study the secure connected dominating sets of Fan Graph. In order to prove the
main result of this article, we need the upcoming lemmas.

ifn=12

1
Theorem 2.1.[1] Let E, be a fan graph of order n + 1, then y,.(E,) = {E] 1 ifn>2

Lemma 2.2. Let F, be a fan graph with n + 1 vertices and D, (F,, i) be the family of secure connected
dominating sets with cardinality i. Then Dy .(F,, i) = @ if and only if i < E] +1ori > n+1 forall
n> 2.

Proof: Since the minimum cardinality of the secure connected dominating set is E] + 1, forall n > 2,
there cannot exists a set with cardinality less than this minimum cardinality.
Hence, Dy, (F,, i) = @ ifi < [g] +1.

Also, since F, has n + 1 vertices, there cannot exists a secure connected dominating set with cardinality
greater than the number of vertices of the fan graph.
Hence, Dy (F,, i) = @if i > n+ 1.
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Lemma 2.3. If a graph G contains a fan graph of order 3k — 2, then for every k > 2, the secure connected
dominating set of G must contain atleast k vertices of the fan graph.

Proof: Consider a fan graph of order 3k — 2. By the definition of secure connected dominating set, for
every k > 2, there exists atleast k vertices to dominate the 3k — 2 vertices of the fan graph. Hence, the
proof.

Lemma?2.4.1fY € Dy.(F,_4,i — 1) and there exists x € [n + 1] suchthatY U {x} € D,.(F,, i),thenY €
SC(FTL—?)' 1)

Proof: Suppose that Y € Dy (Fp_s3,i—1).

Since Y € Dy .(F,,_4,i — 1), then atleast one vertex labelledn — 3orn — 4isinY.lfn—3 €Y ,then
Y € Dy.(F,_3,i — 1), a contradiction. Hence n — 4 € Y, but in this case, Y U {x} & D.(E,, i), for any
x € [n + 1], also acontradiction

Therefore, Y € Dg.(F,_5,i — 1).

Lemma 2.5. (i) IfDSC(Fn Li—1)= DSC(Fn 3,1 —1) = @, then DSC(Fn »i—1)= 0.
@ii) f Dg.(Fp_q,i — 1) #= @ and Dg.(F,,_3,i — 1) # @, then Dg.(F,,_,,i — 1) # 0.
(“l) If Dsc(Fn—b 1) - sc(Fn—Z' 1) - sc(Fn—3' 1) - (Da then Dsc(Fn: l) = @

Proof: (i) Since Dy (Fp_1,i — 1) = Dge(Fp_3,i — 1) = @, by lemma2.2,i —1 < ["T_ll +lori—1>n
andi—1<[”—_3]+1ori—1>n—2 Therefore, i—1<["T_3]+1ori—1>n. From this we can

write, i =1 < [ + 1 < |[ZH +10ri-1>n>n-1
In either case, DSC(Fn—2; 1) = Q.

(ii) Suppose that Dy, (Fp,_5,i — 1) = @, then by lemma 2.2, z—1<[ ]+1or1—1>n—1

Ifi—1< [—] +1,theni—1< [ ] + 1. Therefore, Dy (F,,_1,i — 1) = @, a contradiction.

Also, ifi — 1 >n—1,theni —1 > n — 2. Therefore, D..(F,_3,i — 1) = @, a contradiction.
Hence, Dy (Fp—5,i — 1) = 0.

(iii) Suppose that Dy (E,, i) # @.
Let Y € D,.(F,, i), then there exists atleast one vertex labelled norn+1isinY. If n+1 €Y, then
atleast one vertex labelled n—2, n—1ornisinY. f n—1€Y orneyY, thenY—-{n+1}€
Dy.(F,_1,i — 1), a contradiction. If n—2 €Y, then Y —{n + 1} € D,.(F,_,,i — 1), a contradiction.
Therefore, n + 1 € Y. Now, if n € Y, then atleast one vertex labelled n—1,n—2orn—-3isinY. If
n—2€eYorn—3 €Y, thenY —{n} € Dy (F,_3,i — 1), a contradiction. If n —1 € Y, thenY — {n} €
Dy.(F,_,,i — 1),acontradiction. Therefore, n ¢ Y. Hence, there does not existaY € Dg.(F,, i) for which
Dse(Fp_1,i — 1) = Dg.(Fp_3,i — 1) = Ds.(Fp_3,i — 1) = @. Therefore, Dy (F,, i) # @.

Lemma 2.6. If DSC(Fn, i) # @, then

Q) Dy (Fp_1,i —1) # @, Dgc(Fy_5,i — 1) = @ and Dy (F,,_3,i — 1) =@ ifandonly ifi = n + 1.

(i)  Dge(Fp_1,i—1) =@, Dg.(Fp_p,i —1) = @ and Dy (F,,_5,i — 1) # @ if and only if n = 3k and
i=k+1,forallk>1.

(iii)  Dge(Fp_1,i—1) #= @, Dss(Fy_5,i — 1) #= @ and Dy (F,,_5,i — 1) = @ ifand only if i = n,
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(iv)  Dge(Fp_q,i—1) =@, Dsc(Fp_2,i — 1) # @ and Dy (Fp,_5,i — 1) = @ ifand only if n = 3k — 1

andi = [3k 1] + 1, forall k = 2.
)  De(Fppi—1) # @ Dy (F_p,i—1) % @ and Dy (F,_s,i — 1) # @ if and only if ["T‘l] +2<
i<n-—1.

Proof: (i) (=) Since Dsc(Fp—2,i = 1) = Dg(Fp—3,i — 1) = (Z)bylemma221—1<[—]+1or
i—1>n—1andi—1<["—_3]+1ori—1>n—2ThereforeL—1<[T]+10r1—1>n—1.

Ifi—1< [ ] +1,theni—1< [—] + 1 and hence Dy.(F,_4,i — 1) = @, a contradiction.
So,i—1>n-—1.Also,since Dg.(Fp_1,i —1) #0,i — 1 < n.

Therefore, n—1<i—-1<n=n<i<n+ 1. Hence,i=n+1.

(=)Ifi =n+1, then

Dsc(Fp—1,i — 1) = Dsc(Fp—1, n) # 0,

Dsc(Fp_2,i = 1) = Dgc(Fy_3,m) = @

Dsc(Fr—3,i — 1) = Dy (F_3,n) = 0.

Hence, the proof.

(if) (=) Since Dgc(Fy—1,i = 1) = Dgc(Fp—p,i —1) = @, by lemma 2.2,i — 1 < [—]+1orz—1 >n
andi—1<[n—_2]+1ori—1>n—1 Therefore, L—1<[—]+10rl—1>n

Ifi —1 > n,theni > n + 1 and hence D .(E,, i) = @, a contradiction. So, i — 1 < [ ] +1 (D
Also, since Dy (Fp_3,i—1) #@,i—1 = [T] +1 2
Therefore, [—]+1<z—1<[ ]+1 3
Whenn=3kandk>1,[T d[— =—+1

Thus, when n = 3k, (3) holds good andi = — + 1=k+1.

Whenn¢3k[ ]+1—Hand[ ]+1—HTherefore H<l—1<Hwh|chlsnot

possible. Hence, n = 3k and k > 1.
(=)fn=3kandi=k+ 1, forall k > 1, then by lemma 2.2,

[ ]+1—[3k 1]+1=k+1=i>i—1.Therefore,i—1<["T_ll+1whichimplies

c(Fn 1l 1) -

Similarly, [—] +1= [3k 2] +1=k+1=i>i—1 Therefore,i—1< ["T_Z] + 1 which implies
sc(Fn 21 1) -

Now, [ ] +1= [3k 3] + 1=k =1i— 1. Therefore, [’%3] + 1 =i — 1 which implies

sc(Fn_g, — 1) # @. Hence, the proof.

(iii) (=) Since Dy (Fp_3,i—1) =@, bylemma2.2,i -1 < [nT_?’] +1ori—1>n-—2. Also,since
Dye(Fuopi—1) # 0,bylemma22,i—12 [+ 1ori—-1<n-1.

Therefore, [ng;z] +1<i—-1<n-—1.Hence,i—1< [’%3] + 1 is not possible.
Therefore,i —1>n—-2=i>n—-1.Buti—-1<n—-1=i<n.
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Hence, n—1<i<n=i=n.

(&) Now, if i = n, then

Ds(Fpo1,i = 1) = Dgc(Fp_y,n — 1) # 0,

Ds(Fuo2,i —1) = Dgc(F_2,n — 1) # 0,

Ds.(Fy_3,i — 1) = Dy.(F,,_3,n — 1) = @. Hence, the proof.

(iv) (=) Since Dy (Fp_1,i —1) =@, by lemma2.2,i—1< [—]+10I’l—1 >n. Ifi—1>n,
theni —1>n—1>n— 2. Hence, by lemma 2.2, Dy.(F,,_5,i — 1) = Dy.(F,,_5,i —1) = @, a
contradiction. Therefore, i — 1 < [ ] + 1.

Since Dy (Fp_p,i — 1) + 0, by Iemma2 2,

. n-2 . n-2 .
l—1>[—]+1orl—1<n—1=>[—]+1sl—13n—1.

Therefore, [—]+1<1—1<[ ]+1 4
Similarly, since Dg.(F,,_3,i — 1) # @, by lemma 2.2,
i-12|=|+1ori-1<n-2=||+1<i-1<n-2

Therefore, [—] +1<i-1< [—] +1 (5)
Whenn =3k -1, [*=| + 1< i -1 <[22+ 2.

Therefore, (4) and (5) holds good whenn =3k —1andi = [—] + 1, forall k > 2.

Whenn # 3k — 1, [ ]+1—[ ]+1and[ ]+1—[ ]+1 which is not possible by (4)

and (5). Therefore, the only possibilityisn =3k —1andi = [3k 1] +1, k> 2.

(<=)Assumethatn—3k—1andz—[ﬁ]+1
[ ]+1_[3k2]+1_[3k1]+1_l>l—1=>l—1<[ ]+1=‘Dsc(1’n1, —1)=0
[ ]+1_[3k3]+1_[3k1]—1_1:1_1—[T]"'l:’Dsc(Fn—z,—1)¢®-

2+ 1= [+ 1= 2 =im1= - 1= |22+ 1= Do (Fas i = 1) % 0.

(v) (=) Since Dy (F,—1,i — 1) = @, by lemma 2.2, [nT_l] +1<i—-1<n (6)
Also, since Dy (Fp_,, i — 1) # @, by lemma 2.2, [nT_Z] +1<i-1<n-1 @)
Also, since Dy (Fp_3,i — 1) # @, by lemma 2.2, [n—_3] +1<i-1<n-2 (8)

Combining (6), (7) and (8), weget[—]+1<z—1<n—2=>[ ]+2<l<n—1
(=) Assume that || + 2 <i—-1<n-1.
From this, we obtain [’%3] +1<i—-1<n-2
[~ +1<i-15n-1
= +1<i-1<n
Therefore, Dy, (Fp—3,i — 1) #= @, Dgc(Fyp—p,i — 1) #= @, Dy (Fp_1,i — 1) # 0.

Eur. Chem. Bull. 2023,12(Special issue 8), 6338-6349 6342



Secure Connected Dominating Sets and Secure Connected Domination Polynomials of Fan Graph

Theorem 2.7. Foreveryn > 4 and i > E] +1

(1) If Dge(Fp_q,i —1) # @, Dgo(Fp_p,i — 1) = @ and Dy, (F,_3,i — 1) = @, then
Dsc(Fy, i) = {[n + 1]}
(i) If Dge(Fp_q,i —1) = @, Dgc(Fp_3,i — 1) = @ and Dy (Fp,_3,i — 1) # @, then
Ds.(F,, i) ={1,3,6,9,...,n—6,n—3,n}.
(ill) W Dgo(Fp_q,i —1) # @, Dg.(Fp_3,i — 1) # @ and Dy (F,,_5,i — 1) = @, then
Dsc(Fy i) = {[n+1] — {x}/x € [n + 1]}.
(iv) W Dge(Fp_q,i—1) = @, Dgo(Fp_3,i — 1) # @ and Dy (F,,_5,i — 1) # @, then
D..(F. i) = {{1, 3,6} U{XU{n}/X € Dy.(F_3,i — D\{n—3,n—2} ifn=5
sevn {1,3,6,9,...,n—5n—-2,n+ 1} U {X U {n}/X € Dy, (Fy_3,i — 1) ifn>5
(v) If Dge(Fp_q,i —1) # @, Dgc(Fpu_p,i — 1) # @, Dg.(Fp_3,i — 1) # @, then

Fori=n-1,
N {n} if n—1is the end vertex ole/ , }
Dsc(F 1) = {Xl v {{n + 1} if nis the end vertex of X, X1 € Ds(Fnyy 1= 1)
U{X,U{n+1}/X, € Dy (Fpip, i — 1D\{2,3, ..., n — 1}}
U {X3 U {Tl}/X3 € Dsc(Fn—3'i - 1)}

Fori=n-2,
N {n} if n—1is the end vertex of X1/ , }
Dsc (F, D) = {Xl Y {{n + 1} if nis the end vertex of X, X1 € Dse(Fp-1, 0 = 1)
U {XZ U {Tl + 1}/X2 € Dsc(Fn—Z’i - 1)}
U{X;U{n}/X3 € Dg.(Fr_3,i —1\{2,3,...,n—2}}
For["T_l]+ZSiSn—3,

N {n} if n— 1is the end vertex of Xl/ , }

Dsc(Fo D) = {Xl v {{n + 1} if nis the end vertex of X, X1 € Dsc(Fny,i = 1)
U {XZ U {n + 1}/X2 € Dsc(Fn—Z’i - 1)}

U {X3 U {TL}/X3 € Dsc(Fn—B'i - 1)}

Proof: (i) Since Dy (Fp_2,i — 1) = Dy (Fp_3,i — 1) = @ and Ds.(F,,_1,i — 1) # @, by lemma 2.6(i), we
have i = n + 1. Therefore, Ds.(F,, i) = Dg.(E,,n + 1) = {[n + 1]}.

(ii) Since Dy (Fp—1,i — 1) = Dy (Fp_5,i — 1) = @ and Dy (F,,_3,i — 1) # @, by lemma 2.6(ii), n = 3k
andi =k + 1, forall k > 1. Therefore, i = k + 1 = g + 1. Hence, Dy (E,, i) = Dy, (Fn,g + 1).

Clearly, the set {1,3,6,...,n — 6,n — 3,n} is a secure connected dominating set with §+ 1 elements.
The other sets with cardinalityg +1lare{1,2,6,9,...,n—3,n}{1,2,7,10,...,n—5n — 2,n + 1}, etc.

But these sets are not secure connected dominating sets. Therefore, {1,3,6,...,n —6,n — 3,n} is the
only secure connected dominating set with cardinality g + 1.

Hence, Dy (F,, i) = {1,3,6,9,...,n — 6,n — 3,n}.

(iii) Since Dy.(Fp_q,i = 1) # @, Dg.(Fp_5,i — 1) # @ and Dy (F,_3,i — 1) = @, by lemma 2.6(iii),
i = n. Therefore, Dy (Fy,, i) = Dg.(F,,n) = {[n + 1]} — {x}/x € [n + 1]}.
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(iv) Since Dso(Fp_1,i — 1) = @, Dgc(Fy_p,i — 1) # @ and Dy (Fp_3,i — 1) # @, by lemma 2.6(iv),
n=3k—1landi = [31‘3—_1]+1=k+1,f0reveryk22.

Casel: k=2

Since X = {1,3} € Dy.(F3p_3, k), then X U {3k} € Dy.(F5_1,k + 1). Also, since Ds.(Fsp_4, k) #= O,
then X € D.(Fsi_4, k). Then X contains atleast one vertex labelled 3k —4 or 3k — 3. If 3k —3 € X or
3k —4 € X, then X U {3k — 1} € Dyo(F3_1, k + 1). If {3k — 3,3k — 4} € X, then X U {3k — 1} and
X U {3k} does not belong to D .(Fs,_q1,k + 1), since X U {3k — 1} and X U {3k} are not connected
dominating sets.

Therefore, {1,3,6} U {X U {3k — 1}/X € Ds.(Fsx—4, K)\{3k — 3,3k — 4}} € \Dsc(Fap_1,k +1) (9)
Now, let Y € Dy.(F55_1,k + 1), then atleast one vertex labelled 3k or 3k —1isinY . If 3k € Y , then
atleast one vertex labelled 3k — 1,3k —2o0or3k—3isinY . If3k—1or3k—2isinY ,thenY —
{3k} € Dy.(F31—5, k), a contradiction because D.(F5_2,k) = @. Hence, 3k —1¢Y,3k—2 &Y and
3k —3 €Y. Therefore, Y = X U {3k} for some X € D,.(F5x_3, k), that is Y = {1, 3, 6}. Now, suppose
that 3k —1 € Y and 3k ¢ Y , then atleast one vertex labelled 3k — 2,3k —3 or 3k —4isinY. If 3k —
2€Y,thenY — {3k — 1} € D, (F5,_3, k) = {1, 3, 6}, a contradiction because 3k — 2 & X, for all X €
Dy (F3_3, k). Therefore, 3k —3 or3k —4isinY,but3k —2 ¢ Y. Thus, Y = X U {3k — 1}, for some
X € Dy (F3p_4, k) except for the set {3k — 3,3k — 4} € X, because {3k — 3,3k — 4} U {3k — 1} is not
a connected dominating set. Hence, Y = X U {3k — 1}, for some X € Dy.(F3p_4, k)\{3k — 3,3k — 4}.
Therefore, Dy (F3-1,k + 1) € {1,3,6} U {X U {3k — 1}/X € Dy.(F5;—4, k)\{3k — 3,3k —4}} (10)
From (9) and (10),we have for k = 2,

Doe(Fap_1, k + 1) = {1,3,6} U {X U {3k — 1}/X € Dy(Far_s, KO\(3k — 3, 3k — 4}}.

Case2: k > 2

Since X =1{1,3,6,9,...,3k — 6,3k — 3} € Ds.(F3,_3,k), then X U {3k} € Dy (F3x_1,k + 1). Also,
since Dy, (F3p_4, k) # @, then X € Dy (F3,_4, k). Then X contains atleast one vertex labelled 3k — 4 or
3k —3.1f3k—3€Xor3k—4€ X, then X U {3k — 1} € Dy.(F3x_1, k + 1). Therefore,
{1,3,6,9,...,3k — 6,3k — 3,3k} U {X U {3k — 1}/X € Dy (Fsp_1,k) S Dgc(F3_1, k + 1) (11)
Now, let Y € Dy.(F3;,—1, k + 1), then atleast one vertex labelled 3k or 3k — 1 isin Y. If 3k € Y, then
atleast one vertex labelled 3k — 1,3k —2o0or3k—3isinY . If3k—1or3k—2isinY ,thenY —
{3k} € Dy (F31_5, k), a contradiction because Dg.(F5;_5, k) = @. Hence, 3k —1 ¢ Y, 3k —2 &Y and
3k—-3€Y.

Therefore, Y = X U {3k} for some X € D, (F5,_3,k), that is Y ={1,3,6,9,...,3k — 6,3k — 3, 3k}.
Now, suppose that 3k — 1 € Y and 3k ¢ Y, then atleast one vertex labelled 3k — 2, 3k —3 or 3k — 4 is
inY.

If 3k —2 €Y, then Y — {3k — 1} € D (F5,_3,k) ={1,3,6,9,...,3k — 6,3k — 3}, a contradiction
because 3k — 2 ¢ X, for all X € Dy.(F5j_3,k). Therefore, 3k —3 or 3k —4 isinY, but 3k —2 ¢ Y.
Thus, Y = X U {3k — 1}, for some X € D,.(F5,_4, k). Therefore,

Dgc(Fap—1,k+1) €{1,3,6,9,...,3k — 6,3k — 3,3k} U {X U {3k — 1}/X € Dy, (Fsp_4,k)} (12)
From (11) and (12),we have for k > 2,

Dye(Fsp_1,k +1) ={1,3,6,9,...,3k — 6,3k — 3,3k} U {X U {3k — 1}/X € Dy.(Fs_4, k)}

(v) Since Dy (Fp—1,i — 1) #= @, D (Fy_5,i — 1) = @ and Dy (F,,_3,i — 1) # @, by lemma 2.6(v),
[%1] +2<i<n-—1.Since Dy (Fy_q,i —1) # @, let X; € Dy;.(F,_1,i — 1), then atleast one vertex
labelled norn —1isin X;.
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If n € X;,then X; U {n + 1} € Dy (F,, i) and if n — 1 € X;, then X; U {n} € Dy (E,, i).

{n} if n—1is the end vertex of X; _ ,
Hence, {Xl v {{n + 1} if nis the end vertex of X, /X1 € Dsc(Fp, = 1)} € Dc(F, ).
Also, since Dy, (Fp_p,i — 1) # @, thenfori =n — 1, Dg.(Fy_3,i — 1) = Dge(Fp_p,n—2) = [n—1] —
{x} = X,.Then X, U {n + 1} € Dy.(F,, i), forevery X, € [n — 1] — {x} except for the set [n — 1] — {1},
since {[n — 1] — {1}} U {n + 1} is not a connected dominating set. Therefore, X, U {n + 1} € Dy (F,, i),
where X, € Dy (Fy_p,i — D\{2,3,...,n —1}.

Now, for ["T_l] +2<i<n-2letX, € Dy (F,_, i — 1), then there exists atleast one vertex labelled

n—1orn—2isin X,. In either case, X, U {n + 1} € Dy.(F,, i), where X, € Dy (F,_5,i — 1).

Also, since Dy (F,_3,i — 1) # @, thenfori =n—1,

Dgo(Fy_3,i—1) = Dgo(Fyp_3,n —2) = [n— 2] = X5. Then, X5 U {n} € Dy (E,, 1).

Now, fori =n — 2,

Dse(Fp_3,i—1) = Dg.(F_3,n—3) = [n— 2] — {x} = X5. Then X5 U {n} € Dy.(F,, i), for every X; €
[n — 2] — {x} except for the set [n — 2] — {1}, since {[n — 2] — {1}} U {n} is not a connected dominating
set.

Therefore, X5 U {n} € Dy.(F,, i), where X5 € Dg.(F,,_3,i — 1)\{2,3,...,n — 2}.

Now, for all [”T_ll +1<i<n-—3, Let X5 € Ds.(F,_3,i —1), then there exists atleast one vertex

labelled n — 3 or n — 2 is in X5. In either case, X5 U {n} € Dy (F,, i), where X5 € Dy.(F,_3,i — 1).
Hence, Fori =n — 1,
{n} if n— 1is the end vertex of Xl/ ) }
{Xl Y {{n + 1} if nis the end vertex of X, X1 € Dse(Fp-1, 0 = 1)
U{X, U{n+1}/X, € Doo(Fypyi — D\(2,3,...,n — 1}}
U {X3 U {n}/X3 € Dsc(Fn—3'i - 1)} < Dsc(Fn' i)

Fori=n-2,
{n} if n—1is the end vertex of Xl/ , }
{Xl v {{n + 1} if nis the end vertex of X, X1 € Dye(Fn-p, 1 = 1)
U {XZ U {n + 1}/X2 € Dsc(Fn—Z:i - 1)}
U {X5 U {n}/Xs € Dgo(Fr_s,i — D\{2,3, ..., n — 2}} € Dyo(Fy, i)

For[nT_l]+2SiSn—3,
{n} if n— 1is the end vertex of Xl/ , }
{Xl Y {{n + 1} if nis the end vertex of X, X1 € Dse(Fp-1, 0 = 1)
U {XZ U {Tl + 1}/X2 € Dsc(Fn—Z'i - 1)}
U {X3 U {n}/X3 € Dsc(Fn—S'i - 1)} < Dsc(Fn: i)

Now, let Z € Dy (E,, i), then there exists atleast one vertex labelled norn + 1isin Z.

If n + 1 € Z, then atleast one vertex labelledn,n —1orn—2isinZ. Ifn€ Z,thenZ =Y U {n + 1},
forsome Y € Dy (Fp_1,i — 1).

Ifn—1€Zorn—2€Z,thenZ=YU{n+ 1}, forsomeY € Dy.(F,_,,i — 1\{2,3,...,n —1}.
SinceZ=YU{n+1}suchthatY ={2,3,...,n — 1} € Dy.(F,,_,, i — 1) is not a connected dominating
set. Hence, Z # YU {n+ 1}forY ={2,3,...,n — 1} € D (F,_,,i — 1). Therefore, Z =Y U {n + 1},
forsome Y € Dy.(F,_,,i — 1)\{2,3,...,n — 1}. This happens only when i =n — 1.

For all other cases, Y = Z U {n + 1}, where Y € Dy (F,,_,,i — 1).

Now, if n € Z, then atleast one vertex labelledn —1,n —2orn —3isin Z.
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Ifn—1€Z,thenZ =Y U {n}, forsomeY € Dy.(F,_4,i — 1).

Ifn—2€Zorn—3€Z, thenZ =Y U {n}, forsomeY € Dy (F,_3,i —1\{2,3,...,n — 2}.

Since Z =Y U {n},suchthatY = {2,3,...,n — 2} € Dy.(F,,_3,i — 1) is not a connected dominating
set. Hence, Z # Y U {n},forY ={2,3,...,n — 2} € Dy (F,_3,i — 1). Therefore, Z = Y U {n}, for some
Y € Dgo(Fp_3,i — 1\{2,3,...,n— 2}. This happens only when i = n — 2.

For all the other cases, Z = Y U {n}, where Y € Dy .(Fy,_3,i — 1).

Hence, Fori =n — 1,
, {n} if n—1is the end vertex of Xl/ , }
c _
Dse (Fn, D) < {Xl J {{n + 1} if nis the end vertex of X, X1 € Dse(Fp—y, i = 1)
U{X, U {n+1}/X, € Dyo(F_y,i — D\(2,3, ...,n — 1}}
U {X3 U {n}/XS € Dsc(Fn—S'i - 1)}

Fori =n -2,
, {n} if n —1is the end vertex of X;
c
Dsc(F D) € {Xl v {{n + 1} if nis the end vertex of X,
U {XZ U {Tl + 1}/X2 E DSC(Fn—ZIi - 1)}
U{X3U{n}/X; € Dg.(Fp_3,i — D\{2,3,..,n—2}}

/Xl € Dsc(Fn—l'i - 1)}

For[nT_l]+2SiSn—3,
. {n} if n—1is the end vertex of X;
-
Dsc(Fr D) < {Xl v {{n + 1} if nis the end vertex of X,
U {XZ U {Tl + 1}/X2 € Dsc(Fn—Z’i - 1)}
U {XB U {Tl}/X3 € Dsc(Fn—3'i - 1)}

X1 € Dye(Fossi = 1))

i 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15
n

1 2 1

2 3 3 1

3 0 1 4 1

4 0 0 4 5 1

5 0 0 3 8 6 1

6 0 0 1 10 | 13 7 1

7 0 0 0 8 22 | 19 8 1

8 0 0 0 4 26 | 40 | 26 9 1

9 0 0 0 1 22 | 61 | 65 | 34 | 10 1

10 0 0 0 0 13 | 70 | 120 | 98 | 43 11 1

11 0 0 0 0 5 61 | 171 | 211 | 140 | 53 | 12 1

12 0 0 0 0 1 40 | 192 | 356 | 343 | 192 | 64 | 13 1

13 0 0 0 0 0 19 | 171 | 483 | 665 | 526 | 255 | 76 | 14 1

14 0 0 0 0 0 6 | 120 | 534 | 1050 | 1148 | 771 | 330 | 89 | 15 1

Table 1: d,.(F,, i), the number of secure connected dominating sets of F, with cardinality i.
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Il. SECURE CONNECTED DOMINATION POLYNOMIALS OF FAN GRAPH

In this section, we derive the expression for the secure connected domination polynomial of fan
graph E,, given by Dy (Fy, 1) = X1 (r,) Dsc (B 1) x°.
Theorem 3.1. Forn < 2,
D..(Fy,x) = x? + 2x,
Dy.(Fy,x) = x3 + 3x% + 3x.
Proof: From the definiton of secure connected domination polynomial of fan graph, it follows.

Theorem 3.2. (i) For every n > 3, If Dy (F,, i) is the family of all secure connected dominating sets with
cardinality i of F,, then

Fori=n-—1, |Dsc(Fn' l)l = |Dsc(Fn—1Ji - 1)' + |Dsc(Fn—2'i - 1)' -1+ |Dsc(Fn—3:i - 1)'
Fori=n—2, |Dsc(Fn: l)l = |Dsc(Fn—1fi - 1)' + |Dsc(Fn—2fi - 1)' + |Dsc(Fn—3:i - 1)' -1

Otherwise (E] +1<i<n-3andi=nn+1),

|Dsc (Fp, D = |Dsc(F—1, 8 = 1| + |Dsc(F2,i = 1)| + |Dsc(Fpp—3,i — 1)|.
(if) For every n > 5, Dyc(Fy, x) = x[Dsc(Fn-1,%) + Dsc(Fp-2, %) + Dsc(Fy—3,)] — (x"72 + x"71)

with the initial condition Dy, (F3, x) = x* + 4x3 + x2, Dy (F,, x) = x° + 5x* + 4x% and
Ds.(Fs,x) = x° + 6x° + 8x* + 3x3.

Proof: (i) Case 1: Suppose that Dg.(Fp,_1,i — 1) # @, Dg.(Fy_5,i —1) = @ and Ds.(F,,_3,i — 1) = @,
then by lemma 2.6(i), i = n + 1 and also by theorem 2.7(i), Ds.(F,, i) = {[n + 1]}.

Therefore, |Dg.(F,,i)| = 1. In this case, Dy (F,_1,i —1) = {[n]}. Hence, |Ds.(F,_4,i —1)| =1 and
|Dge(Fp—2,i — 1)| = |Dgc(Fp—3,i — 1)| = 0. Therefore, for i = n + 1 the theorem holds.

Case 2: Suppose that Dy (Fp,_1,i —1) =@, Ds.(Fp_5,i —1) = @ and Dy (F,_3,i —1) # @, then by
lemma 2.6(ii), n = 3k and i = k + 1, k > 1 and also by theorem 2.7(ii),

Ds.(F,, i) ={1,3,6,9,...,n — 6,n — 3,n}. Therefore, |Dy.(F,, )| = 1.

In this case, Dg.(F,,_3,i — 1) ={1,3,6,9,...,n — 6,n — 3}.

Hence, |Dsc(Fp_3,i — 1)| = 1and |Dsc(Fp_z, i — 1)| = [Dsc(Fpq, i — 1| = 0.

Therefore, in this case the theorem holds.

Case 3: Suppose that Dy (F,,_1,i —1) # @, Ds.(Fy_5,i —1) = @ and Dy (F,_3,i —1) = @, then by
lemma 2.6(iii), i = n and also by theorem 2.7(iii), Ds.(F,, i) = {[n + 1] — {x}/x € [n + 1]}.

Therefore, |Ds.(F,, )| =n + 1.

In this case, Dy (Fp_1,i — 1) = {[n] — {x}/x € [n]} and Dy (Fp,_5,i — 1) = {[n — 1}.

Hence, |Dgc(Fpoy, i — D] = n, |Dgc(F_z, i — 1)| = 1and | Dy (Fy_3,i — 1)| = 0.

Therefore, for i = n the theorem holds.

Case 4: Suppose that Dy (Fp_q,i —1) = @, Dg.(Fp_5,i —1) # @ and Dg.(F,_3,i — 1) # @, then by

lemma 2.6(iv),n =3k —1andi = [?] + 1, k = 2 and also by theorem 2.7(iv),
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_ {1,3,6}U{X U {n}/X € Dy.(Fy_3,i — D\{n — 3,n — 2} ifn=>5

Dsc(Fnr l) = { , .
{1,3,6,9,...,.n—=5n—-2,n+ 1} U{XU{n}/X € Ds.(F_3,i — 1) ifn>5

Ifn=5thenk=2andi=3=i=n-2.
Therefore, for i =n — 2, |Dg.(E,, )| = 1 + |Dgc(Fp—3,i — 1)| — 1. In this case, |Ds.(Fy—1,i —1)| =0
and |Dg.(Fp_p, i —1)| = 1.
Now, if n > 5, then k >2 =i <n— 2. Hence, |Dg.(E,,i)| = 1+ |Dg.(Fp_3,i —1)|. In this case,
|Dge(Fp—q,i — 1)| = 0 and |Ds.(F,,_,,i — 1)| = 1. Therefore, in this case the theorem holds.

Case 5: Suppose that Dg.(Fp_1,i —1) # @, Dgo(Fp_5,i — 1) # @ and Dy (F,,_5,i — 1) # @, then by
lemma 2.6 (v), ["T_ll + 2 <i <n-—1andalso by theorem 2.7 (v),

Fori=n-—1,
N {n} if n—1is the end vertex ole/ , }
Dsc(F 1) = {Xl v {{n + 1} if nis the end vertex of X, X1 € Ds(Fnyy i =1)
U{X,U{n+1}/X, € Dy (Fpi—p, i — 1D\{2,3, ..., n — 1}}
U {X3 U {n}/X3 € Dsc(Fy—3,i — 1)}
Hence, | Dsc (Fy, )| = |Dgc(Fp—1, i — D] + |Dsc(Fp—,i = 1)| = 1 + [ Dy (Fr—3, i — 1)|

Fori=n-—2,
N {n} if n—1is the end vertex of X;
Dsc (F, D) = {Xl Y {{n + 1} if nis the end vertex of X,
U {XZ U {Tl + 1}/X2 € Dsc(Fn—Z’i - 1)}
U{X5;U{n}/X; € Dy.(F,_3,i —1\{2,3,...,n—2}}
Hence, |Dsc(Fn; l)l = IDsc(Fn—l:i - 1)| + IDsc(Fn—z'i - 1)| + IDsc(Fn—B'i - 1)' -1

X1 € Dye(Fossi = 1))

For["T_l]+2£i£n—3,
) {n} if n—1is the end vertex of X;
Dsc (B, D) = {Xl Y {{n + 1} if nisthe end vertex of X,
U {XZ U {n + 1}/X2 € Dsc(Fn—Z’i - 1)}
U {X3 U {TL}/X3 € Dsc(Fn—B'i - 1)}
Hence, |Dsc(Fnr l)l = |Dsc(Fn—1:i - 1)' + |Dsc(Fn—21i - 1)' + IDSC(FTL—3’i - 1)'
Therefore, in this case the theorem holds.

¥4 € Dyc(Fossi = 1))

(ii) From the definition of the secure connected domination polynomial of fan graph, it follows.
Theorem 3.3. The coefficients of D,.(F,, x) possess the following characteristics:

(i) ds.(F,n+1) =1, foreveryn € N.

(i)  dg.(E,,n) =n+1,foreveryn € N.

n(n-1)

@iii)  dy(E,n—1) = — 2, foreveryn > 2.

(iv)  dg(Fon—2)= w foreveryn > 5.

— 3_n2_
V)  dy(E,n—3) =000 5 421496 for every n > 6.

(Vi)  dge(F3p,n+1)=1,foreveryn € N.
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(vii)  dsc(F3p,n+2) = W, for every n > 2.
(viil) dg.(F3p—1,n+1)=n+1,foreveryn > 2.

Proof: It follows from the table of the secure connected dominating sets of fan graph F,.

I1l. CONCLUSION

In this paper, we have studied and discussed some properties of secure connected dominating sets
and secure connected domination polynomials of fan graph. We can further study this property for various
types of graphs.
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