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Abstract

In this paper, we introduce of complex doubt g — fuzzy subring and discuss its various algebraic aspects. This
paper analyze the properties of the product two of complex doubt g — fuzzy subrings, and some properties related
to it are established.

Keywords: Fuzzy Set; Complex fuzzy set, Complex Doubt g —fuzzy set, Complex Doubt g —Fuzzy subring.

Mathematics Subject Classification: MSC2020-zbMATH-03B52

'Department of Mathematics, Jayaraj Annapackiam Csli College of Engineering
Nazareth, Tuticorin-628617, India,

Z'Department of Mathematics, Sathyabama Institute of Science and Technology (Deemed To Be University)
Chennai-600119, Tamilnadu, India.

3Department of Science and Humanities, Karpagam College of Engineering, Coimbatore, Tamilnadu, India.

PG and Research Department of Mathematics, Jamal Mohamed College (Autonomous),
(Affiliated to Bharathidasan University), Tiruchirappalli-620020, Tamilnadu, India.
SDepartment of Science and Humanities, Karpagam Academy of Higher Education, Coimbatore, Tamilnadu,
India.

5Department of Mathematics, Sathyabama Institute of Science and Technology,
Chennai-600 119, Tamil Nadu, India

Email: Yjeyasjjjeyas@gmail.com, 2mprem.maths3033@gmail.com, 3gowrishankar.l@kce.ac.in,
4apj_jmc@yahoo.co.in, Susha.palanisamy@kahedu.edu.in, 8girijanameprakash@gmail.com

DOI: 10.31838/ech/2023.12.1.103

Eur. Chem. Bull. 2023, 12 (1), 1247 - 1252 1247


mailto:jeyasjjjeyas@gmail.com
mailto:mprem.maths3033@gmail.com2
mailto:gowrishankar.l@kce.ac.in
mailto:apj_jmc@yahoo.co.in4
mailto:usha.palanisamy@kahedu.edu.in5
mailto:girijanameprakash@gmail.com

On Cartesian Product Of Complex Doubt Q-Fuzzy Subring

1. Introduction

Zadeh [18] initiated the study of fuzzy sets in 1965.
Biwas [6] gave the idea of anti fuzzy subgroups in
1990. Malik and Mordeson [11] commenced the
idea of fuzzy homomorphism of rings in 1992. Gang
and Yun [8] explained the notion of fuzzy factor
rings in 1998. Ramot et al. [16] launched the notion
of complex fuzzy in 2002. Liu[10], initiated by the
new concept of fuzzy invariant subgroups and fuzzy
ideals in 1982. This concept becomes more effective
for resaercher and quite different from fuzzy
complex numbers innovated by Buckley [7].
Prasanna, Premkumar et.al [14], described by the
new notation On x — Q-Anti Fuzzy Normed Rings
in 2021. , Zhang et al. [19] introduced the various
operation of complex fuzzy sets in 2009. Azam et al
[5] defined anti fuzzy ideal and developed the
quotient ring with respect to anti fuzzy ideal in
2013. Al-Husban and Salleh [3] presented the
concept of complex fuzzy subgroups in 2016.
Alsarahead and Ahmed [1] proposed the idea of 7-
fuzzy subgroup and complex fuzzy subgroup. They
also described image and inverse image of complex
fuzzy subgroup under group homomorphism in
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2017. Moreover, fundamental algebraic attributes
of complex fuzzy subrings were established by the
same authors [2] in 2017. These concept are
different from fuzzy subgroups and fuzzy ideal
introduced and discuused by Rosenfeld [17] and Liu
[9] respectively. Kellil [9] defined the product of
fuzzy subrings in 2018 Al-Tahan and Davvaz [4]
analyzed the concept of complex fuzzy H,,-subgroup
and complex anti fuzzy H,-subgroup in 2018.
Prasanna , Premkumar et.al.[15], introduced the
concept of A Study on Complex Anti Fuzzy Subring
in 2021. In 2018, On Fundamental Attributes on
Homomorphism of p-anti- Fuzzy Subgroups,
developed by Nagaraj and Premkumar [13] .
Muhammad Gulzar et.al.[12], introduced the
concept of On some characterization of Q-complex
fuzzy sub-rings in 2021.

This paper is organized as: Section 2
contains the introductory definition of complex
fuzzy subrings and related result which play a key
role for our further discussion. In section 3, we
prove that the product of two complex Doubt
q —fuzzy subrings is complex Doubt q — fuzzy
subring and develop some results of the product of
two complex Doubt g — fuzzy subrings.

Definition (2.1) [18]: A fuzzy set § of a nonempty set P is a mapping
§:P—-[0,1]

Definition (2.2): Let A be complex fuzzy sets of set P, with membership function 8,(x) = n,(x)e?4® The

complex fuzzy complement of A is specified by a function

Opc(x) = WAC(x)ei(pAC(x) ={1- WA(X)}ei{Zn_(pA(x)}

Definition (2.3): A homogeneous complex fuzzy set A of ring S is called complex anti fuzzy subring of S if

1. 0,(x —y) < max{0,(x),0,(x)}, forall x,y € S
2. 0,4(xy) < max{0,(x),0,(x),}, forall x,y € S

Product of Complex Doubt Q@ —Fuzzy Subring
Definition 3.1 :

Let A and B be two complex Doubt g — fuzzy subring of S; and S, respectively. Then the product of A

and B is defined as

x5 (6, 1), @) = Naxs (6, ¥), @)e'®a<s(E90) = max{n,(x, q), 15 (v, )} M LaEDED} Where €5, |

y€eS,andq € Q.

Theorem 3.2:

Let A and B be two complex Doubt g — fuzzy subring of S; and S, respectively. Then A X B is complex

Doubt g — fuzzy subring of S; and S,.

Proof:

Let x;,x, €S, ¥1,Y2 €S, and g € Q be an elements.

Then (x1, 1), (x2,¥2) € S; X S5. NOW O45p (((le’l) - (xz’)’z))'CI) = eAxB((xl — X2, Y1 — Y2)» CI)
= max{n(Cx; — x,),9),15(1 — ¥2), q)} emexlea(Gi-x.a)es(0r-y2)a))
= max{n,(Cr; — x7), q)eim((xl—xz),q)’%((yl -y, q)ei<pA((y1—yz).q)}

= maX{GA((xl —X3), Q)' 93((3/1 = ¥2) Q)} < max{max{0,(x, @), 04(x;, )}, max{05(y1,q), 05 (v2, Q) }}
= max{max{0,(x1,q), 05 (y1, 9)}, max{6,(x2, q), 05 (y2, q)}}

HAXB (((xl' yl) - (xZ' YZ))' q) = max{eAxB((xll yl)' q)' GAXB((xZ' yZ)! q)}
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Further, 6,5 (((xl'%)(xz’J’z)): Q) = Opxp (X122, ¥172), )
= max{n,((x1x2),9),15((11y2),9)} e imax{pa((x1x2).0).05((r1¥2).9)}
= maX{T]A((xlxz)’ q)ei(ﬂA((xlxz)rq)’ Ng ((ylyz)' q)ei‘pA((ylyZ)rq)}

= max{0,((x1%2), q), 65((1¥2), 4)} < max{max{6,(x1, ), 64(xz, O}, max{65(y1,9), 05 (2, D}
= max{max{6,(x1,q), 65 (y1, )}, max{6,(xz, 4), 05 (y2, 9)}}

Oaxp (((xplﬁ)(xz'h))' Q) < maX{HAXB((xleI)' Q)' QAXB((vayZ)!q)}

Theorem 3.3:

Let A and B be two homogenous complex Doubt g —fuzzy subsets of rings S; and S,, respectively. If
A X B isacomplex Doubt g —fuzzy subring of S; X S,, then at least one of the following statements must be hold.
L 14(0,9) < np(y,q) and ,(0,9) < ¢p(y,q), forally € S; and g € Q
2. ng(0',q) < na(x,q) and g (0',q) < @4(x,q),forallx € S; and q € Q
Where 0 and 0’ are identities of S;, and S, respectively.
Proof: Let A X B be a complex Doubt g —fuzzy subgroup of S; x S,. On contrary, suppose that statements (1)
and (2) do not hold. Then there exist x € S;, y € S, and g € Q such that
1 14(0,q) = np(y,q) and 94(0,q) = ¢5(y,q)
2. ns(0',q) = n4(x,q) and (0, q) = @4(x, q)
Now 8,45 ((x,¥), q) = max{n,(x, q),nz(y, @)} e >0 0s.0)

< max{n4(0, q),n5 (0", )}e M @aCDLsOD} = 9, ((0,0"), q)

But A x B is fuzzy subgroup. Hence, at least one of the following statements must be hold.

1 14(0,q) <np(y,q) and ¢,4(0,q) < ¢p(y,q), forally € S, andq € Q
2. (0, q) < nalx,q) and g (0',q) < @a(x,q),forallx € S; and g € Q
Theorem 3.4:

Let A and B two homogenous complex fuzzy sets of S; and S, such that nz(0’,q) < n4(x,q) and
@p(0',q) < @a(x,q) forall x € S;, g € Q and 0' is identity of S,. If A X B is complex Doubt g —fuzzy subring
of(S; X S,) X Q, then A is Doubt g —fuzzy subring.

Proof:
Let A and B be two complex Doubt g —fuzzy subrings of S; and S,. Then (((x,O’), (y,O’)),q) €

(51 X S;) x Q. By given condition ng(0',q) < n4(x,q) and @5(0',q) < @4(x,q),forallx € S; andq € Q . (A
and B is homogeneous)

04((x = ¥),9) = 14((x — y), q)eiealE=22a)
= max {UA((X —y),q)ealG=a) (0" - 0"), q)ei<p3((0’—o’),q)}

= max{n,((x — ¥),q),ns((0' — 0", q)}eimax{‘#’B((x—J/).q).<p3((0’—o’),q)}
= max{max{n,(x, 9),1.(y, )}, max{nz(0’, q),nz (0", q)}} ! max(maxtea@a).eav.}max{pp(0".0)pp(0"a)}}
< max{max{n,(x, 9),14(y, O}, max{na(x, ), na (v, q)}} e maxtmaxioalx).ealv.a}ymaxipatxa)ealy.on
HA((x -), q) < max{n,(x,q),na(y, q)} el M eaxD.0a.0)}
04(Cc = ¥),4) < max{64(x,0), 0,0, )}
Further, 8, (xy, q) = n,(xy, q)e'?40¥4 = max {TIA(JC)’, q)e @Aty . ((0'0"), q)eiws((o'o’).q)}

— {2,018 (00 q)Je Pl ()
= max{max{n,(x, q), 14, 9}, max{nz(0', q), 15 (0", @)}} e! mxlmax(@ata.oav: o} maxlpp©'aes(0".a)}
< max{(max{a(x, 4),1,(7, )}, maxna(x,0), 14 7, @} ¢! MDA A DLmax{Pa) a0
= max{n,(x, q),n4(y, q)} e ¥ PaAEDLAVD} = max{0,(x, q),04(y, )}

04(xy, @) < max{6,(x,q), 04y, )}
Hence, proved our claim.

Theorem 3.5:

Let A and B two homogenous complex Doubt g —fuzzy sets of S; and S, such that ,(0,q) < nz(¥,q)
and ¢4(0,9) < pg(y,q) forall y € S, and q € Q and 0 is identity of S;. If A X B is complex Doubt g —fuzzy
subring of (S; X S,) X Q, then B is Doubt g —fuzzy subring of S,.

Proof: similar as pervious

Corollary 3.5.1:
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Let A and B two homogenous complex Doubt q —fuzzy sets of S; and S, respectively. If A X B is
complex Doubt g —fuzzy subring of (S; X S,) X Q, then A is a complex Doubt g — fuzzy subring of S; or B is a
complex Doubt g — fuzzy subring of S,.

Definition 3.6:
Let A x B be Cartesian product of two complex Doubt q —fuzzy subset A and B. Then For t; €
[0,1], and t, € [0,27] the lower level subset of complex Doubt g — fuzzy set A x B is defined by

(AXB) ) = {(9),9) € ((51 % 55) X Q): naxp((x,),9) < t1, Paxs((x, ), q) < t,}
For t, = 0, we obtain the lower level subset A,, = {((x,¥),q) € P x Q:n,((x,¥),q) < t,;} and for t; = 0, then
we obtain the lower level subset A,, = {((x,¥),q) € P x Q: p,((x,¥),q) < t,}.
Theorem 3.7:
Let A and B be two complex Doubt g —fuzzy subsets of rings S; and S, . Then (4 x B)((tl_tz)_q) =

A((fpfz).q) X B((H.fz).Q)'

Proof:
Let ((,),9) € A(eyt0.0) X B(twtara) © 00 € A(ey0.0) A D) € B((t, 1))
S n4(x,q) < ty, 0a(x,q) < tzandng(x,q) < ty, 0p(x,q) < t;
© max{n,(x, q),ns(y, @)} < t; and max{p,(x,q), (v, @)} < t,
A 77A><B((x» ¥),q) <t and <PA><B((x» ), CI) <t
& ((x,y),q9) € (A% B)((t1.t).9)
Hence, (A x B)((tpfz).q) = A((fpfz).q) X B((tlntz).Q)
Theorem 3. 8:

Let AXB = {(((x.y),q), B axs,q) (%, y),q)) :0axs,q) (6 ¥),q) =
Neaxe.q) (X ), q)e'?@xBa(Ga) ((x,v),q) € (S, X S,) X Q} be homogeneous complex Doubt g —fuzzy set
of ring S. Then A X B is a complex Doubt g —fuzzy subring of S; X S, if and only (4 X B)((tl_tz)_q) is a subring
of ring (S; X S,) x Q, for all
Where n,4((e,e"),q) < ty, pa((e,e),q) <t,, also (e, e’) is identity element of S; X S,.
Proof:

Obviously (4 X B)((t,,¢,),q) 1S Nonempty, as (e,e’) € A X B) (¢, t,).q)

Let (((xy, y1), (x2,¥2)),q) € A((e1.2),q) D€ aNy two elements. Then
UA((XL y1), q) < t1, (pA((xl’ }’1): CI) < t, and T]A((xz, yz), q) < t1, (pA((XZJ yz)' q) < t,
NoOw, 1445 (((xl'yl) — (x21y2)), q) eilPAxB(((XLJﬁ)—(xz,J/z)).q)
= Ouxp (((x1,)’1) - (Xz,yz)),q) < max{0,x5((x1,¥1), q), Oaxs((x2,¥2), )}
= max{nAXB((xl, yl)’ q)eiQUAxB((Xr)ﬁ),Q)’ nAxB((xz; yz)’ q)ei(pAXB((xz,yz),q)}

= max{Naxs (X1, ¥1), ), Naxs (2, 72), 4)} et max{eaxp(Cry) @) axa (20}
(As A is homogeneous)

Naxg (((xph) — (x2,¥2)), q) < max{naxs ((x1, ¥1), @), Naxs (Ce2, ¥2), @)} = max{ty, t1} = ¢,
Paxs (((x1'}’1) - (xz'}’z))' q) < max{(prB((x1JY1): CI)' (prB((xz,yZ); q)} = max{ty, t} = t;
= ((xh)ﬁ) = (x2,y2), CI) EAX B((t1.tz).q)

FUrther, Naxs (((xlﬁ yl)(XZ' yZ))l q) ei(pAXB(((xl’yl)(xz’yZ))’q) = HAXB (((xl; yl)(xZ, yZ)), q)
< maX{HAxB((xlv ¥1),9), HAXB((XZI y2), CI)}
= max{n 45 ((r1, 31, 9)e 04 (130D, 1, 5 (x5, 7,), e P axp(x27224))

= maX{UAxB((xp Y1), Q). Naxs ((xz: Y2), CI)} et mex{eaxp(Cry) @) e axa((raa)a)}
(As A is homogeneous)

NaxB (((xif}ﬁ)(xz'}h)); Q) < maX{UAxB((xp)ﬁ): q)lnAXB((XZ’yZ)' CI)} = max{t;, t1} = t;
Paxp (((x1:Y1)(x2:J’2)): Q) < max{(prB((xllyl)' Q)’ ‘PAxB((xz')’z)' Q)} = max{t,, t,} = t,

= ((x1:3’1)(x2;)’2), CI) EAX B((t1t2).0)
Hence (4 x B)((f1,tz),q) is subring

Conversely, let (A X B)((, c,),q) i a subring of S and let max{naxs (1, ¥1),9), Naxs((x2,¥2),q)} = t, and
max{@axs((c1, 1), 4), Paxe ((¥2,¥2),9)} = ta. Then we have
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and (pAXB((xl!yl)!q) < t2:(pA><B((x2:y2)! fI) <t

TIAxB((xp)ﬁ)' Q) <ty (pAXB((xll Y1) Q) < t,and nAxB((XZ'YZ)l Q) <ty ‘PAxB((XZ‘YZ)' CI) =t

This implies that

((xll yl)v q) € (A X B)((tl,tz),q)

((xZJ yZ)! q) € (A X B)((tl.tz).q)

AS (A X B)((¢,¢,),q) IS Subring. So, (((xl,yl) = (x2,%2)), q) € (AX B)((¢,.6).0)
= Naxsp (((x1'3’1) - (sz’z))'Q) <ty and Qaxp (((X1.Y1) - (xz,}’Z)),Q) <t
NaxB (((x1'3’1) - (xz'YZ))' Q) < maX{UAxB((xl'M)v q).nAXB((xz,Yz), Q)}
and @4xp (((xlv:)/l) - (vaYZ))v Q) < max{(prB((x1'Y1)v Q)v (pAXB((xZ!yZ): Q)}
Oaxp (((x1'J/1) — (x2,72)), Q) = Naxp (((xp}ﬁ) — (x2,72)), Q) enxs((Gr)-G2y2)a)
< max{naxs (1, 1), ), Naxs (2, ¥2), 4)} etmax{eaxe((r1y0).a)9 axp((x232).0))
= max{nxz((x1, y1), Q)ei(pAXB((xl'yl)'q)' Naxe((x2,¥2), Q)eimw((xz'yz)'q)}
Oaxp (((xp y1) — (%2, }’2))’ Q) < max{eAxB((xll Y1), CI)’ GAXB((le Y2), CI)}
Further, Asis (A X B)((, r,)q) Subring. So (((xl,yl)(xz,xz)), q) € (AX B)((t162)4)
Naxe (((xp}’l)(erYZ))r Q) <ty and @uxp (((x1:}’1)(xeYZ))x Q) <t
Naxe (((xp)ﬁ)(xz:)’z))r Q) < maX{’?AXB((xp Vi) Q): 77A><B((x2: v2), Q)}
Paxp (((xp y1)(xz, J’Z)): CI) < max{‘PAxB((xp Y1), Q)' q’AXB((xZ' Ya), CI)}
Ouaxp (((x1'y1)(x2:J’2)): CI) = Naxp (((x1»3’1)(x2' }’2))' CI) einAxs(((xl.yl)(xz.yz)).q)
< max{naxs (%1, 1), ), Naxs((x2,¥2), 4)} € max{paxp((r1.71)0) 0 axp((2.72)a)}
= max{naup (1, y1), q)e PaxB(C1DD 1 ((xy, 32), q)e'Paxe(G2y2)0))
Oaxp (((Xp}’l)(xz:)’z))r Q) < maX{QAxB((xlt Y1) Q): QAXB((XZI y2) Q)}
O4xp (((xl'%)(xz:)’z)): Q) = Naxp (((xh}ﬁ)(xz:J’z))x Q) einAXB(((xl'yl)(xz'yZ))'q)
< max{nawp((x1, ¥1), @) Naxe (2, ¥2), ) } e M0 axa(Cr0).0) @axp(Gzy2).0))
= max{nAxB((xer1): Q)ei(pAXB((xl'yl)'q)rnAxB((xz:}’z)x Q)eiq)AXB((xz'YZ)'q)}
Oaxn (((xp y1) (%2, yz))' CI) < max{gAxB((xl' Y1), CI): GAXB((XZ' Ya2), Q)}

2.
Conclusion

We have also defined product of two complex Doubt
q —fuzzy subrings and have proved that the product
two complex Doubt g —fuzzy subrings is also
complex Doubt g — fuzzy subring and discussed
various algebraic properties.
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