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Abstract:

This manuscript uses Aboodh Transform Method (ATHPM) as a homotopic perturbation to solve linear and
non-linear time FDE’s such as regularized long wave (RLW) equations. This technique (ATHPM) is a very
good founded, effective and simple path to find correct and approximate solutions for long wave (RLW)
linear and nonlinear time fractions, combined with the Aboodh transforming method. The result
demonstrates the precision of the Aboodh Transform combined homotopy disruption process. We find that it
can be used extensively to analyze other issues in the planet.
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Introduction

In the earlier studies, partial fractional differential
equations (PFDE) have been examined in field of
biology, biomedical sciences, viscoelastic
polymers, electrochemistry, In electromagnetics
and plasma physics, component discrete fractional
equations are separated. There is considerable
interest in computational study of FDE’s. In this
analysis, we have the Variational Iteration
Method (VIM), Adomain Decomposition Method
(ADM) and Differential Transforming Method
(DTM) which are common for the solution of
both FODE and FPDE [1-6].

Around solutions to fractional difference
equations and physical problems called
disturbance approaches are given by several tools.
These approaches have some drawbacks, since
limited parameters are a first prerequisite for
estimated solutions which are often complicated
[6-13]. There is a non-small parameter theoretical
method.  Homotopy  Perturbation  Aboodh
transform (HPATM) [14-19] is a mixture of
Ordinary Differential Equations (ODE) and the
Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411

Partial Differential Equations (PDEs) [21] and the
Aboodh Transformation System (ATM). In this
paper Aboodh Transform and Homotopy
perturbation Method together to solve Nonlinear
fractional partial differential equations [20]
occurring in Randomized Long Wave in Plasma.
This review covers the following partial
differential non-linear equations:
2

. D@{%J—% ~=0,m>0,xeR,0<y<1

(1)
. D/p+p, +60*0, —up, =0, m>0,xeR,0<y<1,
with I.C.

a
@(x,0) =/asech(b(x—x))b = /m ,

(2)

. D@ + @t @@yt+Pxm = 0, M > 0, XER,
0<y<1,(3

iV. D@ + @x = Qgxm, M >0, XER, 0 <y <1,

(4)
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V. D¥n+(pxxxx=0:m>O;XER,0<)/S1,

®)

Then latter (1) applies to a nonlinear regularised
time fractional wave equation, (2) to the non-
linear regularised long wave fractional equation,
(3) to time — the fractional linear regularised long
wave equations (GRLW) and (4) and (5) to the
equations of a regularised fraction (RLW). In
equations (1-5) where the order of the derivative
of the fraction. The derivative is understood as
Caputo. The function the co-ordinates are PDF, x
is geographical, m is time-based, and a and b are
consistencies, is the positive parameter and the
location is first based. This vocabulary has a
fractional derivative order parameter that can be
used to find the different answers. For The partial
equations translate into standard equations.

Basic concepts of Fractional Calculus:
Any of the features and meanings that can be
included in this work in the following section.

Definition 1:

Intrinsically, the gamma function is bound into a
partial calculus. It is best to expand the fraction
over all real numbers to illustrate the gamma
function. The definition of the gamma function is
described.

T(w)=[e't“dt,where 1 >0, (o)
0

Definition 2:
A real function f(x), x > 0, in space is stated to be

C,u , i € R if areal number occurs P> x4, such

that f(x) = xPg(x), where g(x)e[0,50)and in
space it’s claimed to be CZ‘ if
f(m) €Cmp,meN.

Definition 3:
Fractional integral order of the Riemann-Liouville

ofa>0, of a function feCmy,u>-1is
defined as

t
1% (1) :%J‘(t—l)a_lf ®)dt,>0,t >0

(D)
%5 (M) = f(1).
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Some properties of the operator:
Forf eCyp,u=z—-La,f=0andy>-1,

19385 t)=39 Pt ), 3%3P £ (t)=3P31%¢ (1)
J%7 :Mtaﬂ/.
INa+y+1)

Lemmal:
Ifm_1<a<mmeNand f eCp,u>-1thenD % % ¢) =f t)and ,

m-1 k
19D EM=f)- 3. f(k)(O)tk—!,k >0,

k=0
8)
Definition 4. (Fractional order partial derivatives)
Assume f(t) is a n - vector variables t;, i = 1, 2,

3...,nalso of class C and D e Ryy. We describe

f(t) for t; a partial derivative as an extension of
definition 2.
{j

de . m—-a—l o .
adf f_r(m_a)g(tl -1) ati Ft))lxjo o
9)
3. Formulae for Aboodh Transformation
Method

The Aboodh transform is a new transformation
that is described by exponential order functions
and is considered by Set A functions:

A={f(x): 3 M, k;,k,>0, [|f(H]l< M eV,
(10)

The set M must have a small number for a
specified purpose, kq,k, perhaps limitless or
finite. The integral equation determines the
transformation of Aboodh.

A[f(®)] = k() = % Jy_ eVt t=0, ky < v <
ks, (11)

The descriptions and basic equations will obtain
the following effects

1) A[t"] = =

vi+2

2) Af'(t)] = VK (v) - 2

3) Alf" (9] = vZK(v) — "2 - £(0)
4) A[f™ ()] = voK(v)-Xpzs f19(0)

k=0 y2-n+k

Theorem 1:

If f (v) is Aboodh transform of g(k). We identify
that Aboodh transformation is given to observe
from derivatives with integral order:

Alg' (0] = vF (v) - £
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Proof:

Let's shift the Aboodh g=’' (k) = %f (K), Using the
following sections integration

A[ a(k )] 22 (k) e Vidk =limy e 75
g(k) e“’kdk

= lim {[} 80027+ 17 809 el

=VK(V)- "2
(12)

Theorem 1 proof gives us equation (5). If we do
the same, Aboodh transforms the second order
derivative

Ales09] = A [ (809)] = vA [809] -

k=0

o) | etk
=VA [VK(V) - T] - |

v

, k=0
= v2K(v) - 2 - £(0).

If we pursue the same path, we obtain the
following Aboodh transformation of the nth
order:

Ag®®]=vK() -~ TR for n21,
(13)

Alg™®] = v k@) - S22 a9

Theorem 2:
If K(v) is the f(t) Aboodh transform, the Aboodh
transform of the Liouville derivative may be
considered:

AIDSH(D] = V2 [K(¥) = Biey 2@l g < -
< a<n, (15).

Proof:

A[D*f(t)] = vOK (v) - X022 1 ,k[DY k=1£(0)]

= voK (v) — ¥R_,vk? [D"‘ kf(0)] = v*K (v) -
Yoy V2 [DATRF(0)]

= VK (V) ez Ziea[DERR0)]= VRK (V) -
Tho g [Da_kf(o)]

= VUK (V) - ZRey V¥ 5oz [DYTHRO)].

Thus, the fractional order of f(t) Aboodh is
modified as follows:

A[D%f(t)]=v* [k(v) -
s (5 pekico]|

(16)
Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411
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Definition: 4

Caputo fractional derivative transition of Aboodh
is described as follows by using theorem 2:
AIDfg(D] = v*A[g(®)] ~ ZiLy v *72 g®)(0),
m-1 <a < m, (17)

4. Aboodh Transform Homotopy Perturbation
Method (ATHPM)

We pursue an overall form of partial differential
non-linear equation, to show the fundamental
principle of this approach:

DA u(x,m) = L(u(x,m)) + N (u(x,m)) + f(x,m), A >
0, (18)

Under the following terms

DKu(x, 0) = g, , k=0,..., n-1, DBu(x,0) =0andn
=[]

Where DA Denotes Caputo derivative operator
without lack of generality, f is defined, N is a
nonlinear general divide, and L is a linear division
operator. f is defined.

Aboodh is converted to accomplish on both sides
of equations.

A[D u(x,m) | = A[L(u(x, m))]+A

[N(u(x, m))]+Al[f(x, m)],

(19)

With Aboodh's distinction property and beyond
first criteria, we have:

A [u(x,m)] =v A [L(u(x, m))] +

v A[N(u(x, m))]+g(x,m),

(20)

Working on both sides of equation with the
Aboodh inverse (20) gives:

u(x,m) = G(x,m) + A1 [V'AA[L(u(X, t))]] +
At [V_}‘A[N(U(X, t))]], (21)
Where G(x,t) The function f(x, t) and its initial

state are defined by the established function.
Now we use the form of homotopy disturbance.

u(x,m) = 5o p"up (X, m), (22)
And the nonlinear definition can be separated.
Nu(x,m) = 5o p" Hp (U) (23)

Wherever H,, (u) It's polynomial and given by
Hn (up, ug, Uz, ... up) =
= ap [ (X220 plui(x, m)] =0’ n=0,1,2
(24)

We are willing to substitute the equations (24)
and (23) of equation (22):
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Soptunx,  m) = G(xm)
p[A [V AL 0 Py G m))]| +
VA AIN(E S P un (6, m)]]

(25)

Which is the Aboodh transformation relation and
homotopic disruption method with the aid of
polynomials which compare the coefficient of
similar forces with p

p°: ug(x,m) =G (x, m),

p'iug(x,m) = A7 [V A[L(uo (x, m)) + Ho(u)]],
p% uy(xm) = A'[v*A [L(u;(x,m))+
Hy (u)]l,

p®: uz(x,m) = A [v AL (up (x, m)) + Ha(U)]],
p"= up(x, m) = ATMVMA[L(up_;(x,m)) +
Hp—1 ()], (26)

Then the solution is;
u (X, m) = lim,_,, upy(X, 1) = up(X, t) + uy(x, t)
+u,(X, t) +.... (27).

The solution above converges in general very
easily.

Main Idea of (ATHPM)

Let us consider a fractional nonlinear, non —
homogeneous PDE of the form.

D3¢(x,m) = L(p(x,m) + N(p(x,m)) +
g(x,m),8 >0, (28)

With the initial conditions listed below.
D3¢p(x,0) =f,x=012,....,n—1
(29)

0@(x0)=0 andn = [J]
Where D3, denotes without loss

Applications

2
Ex:-1 D ¢ + (%) — Qxxm = 0,m > 0,x €
R,0<4 <1,

(30)

For the first criterion
@(x,0) = x,

(31)

We use Aboodh transform on (30) with first
condition (31)

Alo(x,m)] =x+V @A [(Pxxt - (%Z)X]
(32)

Using (32) transform the inverse Aboodh

Section A-Research Paper

o(x,m) =x+ At [V_a A [(Pxxm - (%Z)X]]
(33)

Now, we use the form of homotopic disturbance
we obtain

Z?lo=0 Pt (Pn(X’ m) =
X+ p(A_l[V_a A[(Z;?:O Pn(Pn(X! t)xxm) -
(Zizo P Ha (o2]]), (34)

Non-linear word defined by polynoms H,, (¢)
So, it is given Polynomial.

Sreo PP Ha(e) = (%),

(35)

He is described as some of the factors.
2
_ (%o
Ho((P) = < ) )X
Hy (@) = (@o@1)x

We determine the P line power coefficients
P% y(x,m) = x
Phry(x,m) = ATV YA (@0)xxm — Ho(@)]

_ —xmY

T r(1+Y)
P?: @, (x, m) = A_l[v_y Al(@1)xxm — Hl(q))]]
_ xm?%
T r@+2y)

Hence series solution is given by as ¢(x, t) =

Ykeo @r(x, m) or ,
O(x, m) = x - <04y mY
ra+y)

r(+2y)
_ mY m?_ (cm)
- X(l TT(+Y) | T(1+2Y) + F(1+nY))

(36)
For the special care when y = 1, we can get

solution
- CmY)  Em? o EmY
=X (1 + T(1+Y) + T(1+2Y) + I'(1+nY) + )
=X(Ey(—my))

(37)

Where E, (—mY) is a for the special care when y
=1, we can get solution
X E(-t) = x.e™™, (38)

This is an exact solution and findings above are
identical to the exact closed value.

Table 1: Evaluation of exact value with ATHPM value at y =1 and m = 0.1 for Example 1

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411
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X Exact Value | ATHPM Value Absolute error
0.0 0.000000 0.000000 0.000000
0.1 0.090909 0.090483 0.000425
0.2 0.181818 0.180967 0.000850
0.3 0.272727 0.271451 0.001276
0.4 0.363636 0.361934 0.001701
0.5 0.454545 0.452418 0.002126
0.6 0.545454 0.542902 0.002551
0.7 0.636361 0.63338 0.002974
0.8 0.727272 0.723869 0.003402
0.9 0.818181 0.814353 0.003838
1.0 0.909090 0.904837 0.004253

(@) ATHPM value

(b) Exact value

70.05
7 I

g d
Lo .00

(c) Absolute Error
Figure 1 displays the result of ¢ (x,t)) for Eq. (30) when y=1
(a) Exact Value, (b) ATHPM Value (c) Absolute error = | Exact solution — ATHPM Solution|

Ex:2 MRLW equation

D @ + @ + 6 @2y — U@yge = 0, M>0, XER,
O<y <1, (39)
With the initial conditions listed below

(x.0) = Va sech (b(xxo)), b= |3

Where A the parameter positive and X, is is a place
initially based.

Transform Aboodh on (39) with initial state (40)
Transform, we have

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411

A [(p(X, m)] = \/5 sech (b(X'XO) + V_YAD\(Pxxm -
Py — 607y, (41)

We have reverse transition with Aboodh
¢@(x,m) =+/a Sech (b(x-x,)) +
A_l[V_YA[)L(Pxxm - Qx — 6(P2(Px]]r
(42)

Now applying HPT, we get
nsop"en(xm) = va Sech (b(x—xo)) + p
(AT VYA P o (x, m)) +

404
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(Zgozo pn(pn (X, m))xxm -

(E-0 p"Hy (@)]]) (43)

XXm
Non-linear word defined by polynomials H,,(¢)
So, it is given Polynomial

Yin=o P"Hp (@)= PPy
(44)

The factors of He’s polynomial is given by

Ho (@) = (90) (90)

Hy(9) = (90) (@1)x + @1(@0)x
(46)

We have determined the coefficients of identical
powers of p.
p% @(x,t) = Va Sech(b(x — xo))
phe(x,m) = AT [vYAA@o)xxt — (@0)x
— Hp ((P)]]
=+/ab [1 + 6asech? (b(x — x¢))]
sech(b(x-x,)) tan (b(x-xg)) —m—,
F (y+1)

Section A-Research Paper

This indicates the sequence as

@(x,m) = X Zo Pk (x, m)

¢@(x,m) =+aSech (b(x—xq)) + +ab [1+

6aSech? — (6(x — x())]

Sech(b(x-x,)) tanh (b(x-x,)) m e (A7)
F (y+1)

Putting y = 1 in (47), we get integer order
problem as (45)
o(x,m) =~fasech(b(x—x,))++/abm[1+6asech? (b(x—x,)]

m

sech(b(x—x,)) tan(b(x —x,)) oD .

(48)

The findings above are identical to the exact
closed solution

o(x,m) =+/asech[b(x—(a+L)m—x,)],
(49)

Table 2: Evaluation of exact Value with ATHPM Value at y=1 and m = 0.01 for Example 2

X Exact value ATHPM value | Absolute error
0.0 0.030103 0.030103 2.17E-8
0.1 0.030132 0.030132 1.61E-9
0.2 0.030161 0.030161 1.153E-8
0.3 0.030161 0.030189 1.143E-8
0.4 0.030218 0.030218 1.134E-8
0.5 0.030244 0.030246 1.123E-8
0.6 0.0302738 0.030273 1.116E-8

(b) ATHPM Value

(b)Exact Value

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411 405
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(c) Absolute Error
Figure 2 displays the result of ¢ (x, m) for Eq. (40) wheny =1, A=1, a =0.001 and x, = 10:
(a) Exact Value, (b) ATHPM value and (c) Absolute error = | Exact Value — ATHPM Value|

Ex:3 GRLW equation

DY@ + @xt@@yt@yee =0, m >0, XE R, 0<y < 1,
(50)

For the first criterion

= 2 _1 a
¢(x,v) = 3asech”(bx), a>0, b =~ /E
(51)

Applied on (50) with initial condition (51)
Aboodh transform, we have

Alp(x,m)] = 3asech?(bx) - u’ Al@y + @yt +
Pyl

Using reverse transformation of Aboodh now we
have @4
@(x, m) = 3asech?(bx) — A" HuYAlQy + @yxt +

@x]]

Now incorporating He’s polynomial method, we
have

> o P @n (%, m)=3asech?(bx)-

P[A™ [uYA(Z Lo p"@n(x, m)) +

g522%0=0 pn‘-Pn(X' m))xxm + (Z;ozo ann((P))]a

Non-linear word defined by polynomialsH,, (¢)
So, It is given Polynomial

Zn=o P" Ha(@)=¢¢x,

(53)

Any of his words were symbolized as
polynomials.

Ho (@) = @o(9o)x

Hi(9) = @o(@1)x + @1(@o)x

We have determined the coefficients of identical
powers of p. We get

P%: y(x, m) = 3asech?(bx)

Pl @i(x, m) = A7 uYA[(@o)x] + (90)xxm +
Ho((P)]

=3ab |1+ 6a +

mY

cosh(2bx) [sech*(bx) tanh(bx) ,
(r+1)

(54)

So, the solution in series is given @(x,m) =
Y=o @i(X, m) (or)
@(x, m) =3asech?(bx) + ab[l1+6a+

cosh(2bx)]sech*(bx) tanh(bx) —=—] + ...,
(y+1)

(55)

Putting y = 1 in (55), Then the problem of integer
order has been settled as follows:

@(x, t) =3asech?(bx) + ab[l+6a+
cosh(2bx)]sech*(bx) tanh(bx) ——] +...,

r+1)
(56)

It is the same solution as the same closed solution.
@(x, m) = 3asech?[b(x — (1 + a)m)],
(57)

Table 3 Evaluation of exact value with ATHPM Value at y =1 and m = 0.1 for Example 3
X Exact Solution ATHPM Absolute Error
0.0 0.002999 0.002999 3.053E-11
0.1 0.003000 0.003000 4.656E-13

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411 406
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0.2 0.002999 0.002999 3.031E-11
0.3 0.002999 0.002999 5.971E-11
0.4 0.002999 0.002999 9.103E-13
05 0.002996 0.002996 1.199E-10
0.6 0.002998 0.002998 1.502E-10
0.7 0.0029997 0.002999 1.798E-11
0.8 0.002999 0.002999 2.094E-10
0.9 0.0029995 0.0029995 2.408E-10
1.0 0.0029993 0.002999 2.706E-10

(a) Exact Value

Ex: 4 RLW equation

(c) Absolute Error
Figure 3 displays the result of ¢ (x, t)forEg. (50)when y= 1 and a= 0.001:
(@) Exact Value, (b) ATHPM Value (c) Absolute error| Exact Value — ATHPM Value

Yoo P @n(X, ) =e7* +

0,00
1o 0

(b)ATHPM Value

DI + @3=@um M >0, XER, 0 <y<l,
(58)
With initial condition ¢(x, 0) = ™%,
(59)

Aboodh transforms on the first condition of (58)
(59), we have

Alp(x,m)] = e™ + uYA[2@xym — @xl,

(60)

Using reverse transformation of Aboodh now, we
have

@(x,m) = e + A" [uYA[2@m — @x]],
(61)

Now using HPT, we have
Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411

p(A_l [uyA[z(Z;ozo P @n (X, M) yym —
(Zop enxm))]]).  (62)

Computing coefficient of the powers of p, we get
p® I @o(x, m)=e”*
p1 : (Pl(xa m) = A_l[uyA[z - ((Po)xxm -
Y
(Po)xl]= e™ ==

F (y+1)
(63):
The series solution is then represented @(x, t) =
Yizo @i(x,m)
or
o, myzeX+e x4 (64)
r+1
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Putting y =1 in (64), we’re seeing a classic It is the same solution as the same closed solution.
dilemma answer ®(x, m) =emX, (66)
e(x,m=e*+me*+..., (65)

Table 4: Evaluation of exact solution with ATHPM solution at y =1 and t = 0.0000001

X Exact Solution ATHPM Absolute Error
Solution
0.0 3.00000 3.00000 0.000000000
0.1 2.970198 2.97019 8.396E-9
0.2 2.883129 2.88312 2.343E-8
0.3 2.74541 2.74541 1.098E-7
0.4 2.566916 2.566916 2.435E-07
0.5 2.359343 2.3593 3.925E-07
0.6 2.134733 2.134734 5.223E-07
0.7 1.904219 1.90421 6.062E-07
0.8 1.677165 1.67716 6.352E-07
0.9 1.460752 1.46075 6.160E-07
1.0 1.259923 1.25992 5.613E-07

1ot

0.0 :

0,00 70.00

1.0 1.0

(@) ATHPM Value (b) Exact Value

0 T, e

(c) Absolute Errﬁr
Figure 4 displays the result of ¢(x, t)for Eqg. (58)when y=1:
(@) ATHPM Value, (b) Exact Value (c) Absolute error| Exact solution —~ATHPM Solution|

Ex: 5 Let us analyze the next linear RLW @(x,0) = sinx, (68)

factional period.

DY + @ux =0,m>0,x ERO0<y <1, Transform Aboodh on (67) with original state
(67) (68)

For the first condition. Alo(x, m)] = sinx — uYAl@xxx],  (69)

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411 408
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Now applying inverse Aboodh transform, we
have
@(x,m) = sinx — A" [uYA[@xxxx]], (70)

Now employing HPT, we have
Yn=oP" @n(x,m) =

sinx — p(A_l [(Zgo:o pn(pn x t))xxxx])v (71)

We determine the coefficients of the same p
powers.

p?%: @o(w, m) = sinx,

pl: ¢@1(x,m) = _A_l[uy[((po)xxxx]]

Section A-Research Paper

. mY
= —SInx 1
(r+1)

So the solution in series is given
@(x,m) = Yo p" @n(x,m) or

+ -, (72)
r+1

@(x,m) = sinx — sinx

Putting y = 1 in (72), we’re having the classical
dilemma answer

@(x,m) = sinx — tsinx + -+, (73)

It is the same solution as the same closed solution.
@(x,m) = e Msinx, (74)

Table 5 : The exact solution is compared to the ATHPM solutionat y = 1 and m = 0.0000001

X Exact Value ATHPM Absolute
Value Error
0.0 0.300000 0.300000 0.0000000000
0.1 0.299318 0.299931 2.721E-10
0.2 0.299727 0.299727 5.404E-10
0.3 0.299387 0.299387 8.013E-10
0.4 0.298911 0.298911 1.051E-9
0.5 0.298301 0.298301 1.285E-9
0.6 0.297558 0.297558 1.601E-9
0.7 0.296683 0.296683 1.896E-9
0.8 0.295678 0.295678 2.164E-9
0.9 0.294544 0.294544 2.404E-9
1.0 0.293283 0.293284 2.5112E-9

00 e Jloas,

;_|]I 0.00

(a) ATHPM Value

(c) Absolute Error
Figure 5 displays the result of ¢(x, m) for Eq. (67) when y=1:

Eur. Chem. Bull. 2022, 11(Regular Issue 12), 400 - 411

0.8 &

70.10 0.6}

0.4
0.2%

|].|]L
0.0

409



An Innovative Analytical Approach For Solving Fpdes Arising
In lon Acoustic Waves In Plasma

(a) ATHPM value, (b) Exact Value
(c) Absolute error| Exact Value — ATHPM Value|

Conclusions and Observations

The proposed analytical approach offers a
systematic and efficient method for solving
FPDEs. By introducing fractional derivatives and
utilizing powerful mathematical techniques, the
researchers were able to obtain exact values to the
governing equations of ion acoustic waves. This
breakthrough enables a deeper understanding of
the underlying dynamics and behavior of plasma
waves. In this paper, we all explore the ATHPM
for obtaining accurate and approximative values
of nonlinear time-fractional RLW, nonlinear time-
fractional MRLW, and nonlinear time-fractional
GRLW using Mathematica software. This work
shown that the ATHPM is relatively straight
forward, efficient, suitable for a variety of
nonlinear equations, and appropriate. The
ATHPM has creative methods for reducing the
size of mathematical computations. In addition to
the fact that to solve nonlinear equations without
the need of Adomian's polynomials, the ATHPM
has great suitability for the numerical results. The
ATHPM has a distinct advantage regarding the
decomposition algorithm.  Furthermore, the
ATHPM is well suited for researching additional
nonlinear equations that appear in nonlinear
science and engineering. In the final stage, we
draw the conclusion that the ATHPM can give
good development in all numerical methods, has a
variety of novel applications in science and
engineering. Furthermore, the obtained solutions
provide valuable insights into the physical
properties of ion acoustic waves in plasma. The
researchers were able to analyze the dispersion
relation, phase velocity, and other relevant
parameters, shedding light on the nature of these
waves and their interactions within the plasma
medium. This information is crucial for
developing accurate models and predicting
plasma behavior in various applications. This
research opens new avenues for further
investigation and application, driving progress in
plasma physics and related disciplines.
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