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I. INTRODUCTION

Metric fixed point theory is widely studied by
many authors such as [1], [2],[3], [4], [5] and
[6]. Finding sufficient conditions for the existence
and uniqueness of fixed points for self maps on
various spaces such as metric spaces, b-metric
spaces [2], 2-metric spaces [4], fuzzy metric
spaces [5], [6] and bipolar metric spaces [8], [7] is
extensively studied.

Various contraction conditions are imposed on
self maps to arrive at a fixed point constructively.

Now we propose a new concept of stalk spaces
and stalk maps on such spaces and obtain
conditions for stalk maps to have only one mother
(fixed point).

I1. Stalk spaces, Stalk maps and Examples

Definition 2.1. Let ©, Q and ¥ be three non-empty
sets such that
ONA=0N¥Y=¥YNO=0nQnW¥. Suppose
0:0 X Q X ¥ - [0, c0)satisfies the following
conditions:

(211).If 6,w,p €O NQNYthen
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0(0, w, ) = 0iffd = w =Y.

(2.1.2). 0(6, w,¥) = o(u, v,w) for any

permutation {u, v, w} of {6, w, ¥} whenever

0,w, ) EONQANY.

(2.1.3).[0(61, w1, 1) — 0(02, w3, P2)| <
min{o(6y, w1, P2)0(6,, w2, Y1),

9(92'0)1'1/’2)'
for a" (01,0)1,1/)1), (02,0)2,1/)2) EOXOXVY.

Then (0, Q, W, o) is called a stalk space and g is
called stalk metric.

In this context 0, Q, ¥ are called stalks of
OUuQUWYand ®© N QO NWY is called core. Further
O U QU VY is called bundle of three stalks,
namely, ©, Q and ¥ with core ® N Q N W. gis
called the binder of the bundle. Members of the
core are called seeds. i.e., d is a seed
ifaed®@NONVY.

Definition 2.2. A sequence {(6,, w,,, ¥,)} Iin

0® x Q x W is said to converge to (d, d, @) € core
ifo(6,,d,a) - 0,0(d,w,,d) - 0,

0, d,1,) = 0,0(6,, w,, @) > 0,

0(6,,d,¢,) = 0and o(d, w,,P,) = 0. In this
case, we write (6,,, w,,¥,) — (4, d, d).
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Definition 2.3.Complete stalk space: Whenever
0(0,, w,,Y,) — 0 there exists

d € core ® N Q N Wsuch that

(On, wn, Yy) — (d,4,d) ie.,0(0,,d,d) -0,
Q(a! wni a) - 0! Q(a; d! lpn) - 0:

0(8,, wy, d) = 0, 0(6,,d,¥,) - Oand

o(d, w,,Y,) — 0. Then we say that the stalk
space is complete.

Lemma 2.4. Let (0,Q, ¥, o) be a stalk space. If

{(8,, w,, )} = (b, b, b)thend = b

Proof. We have by Definition-2.3,

o(b,b,a) < o(b,b,Y,) + 0(6, Wy, ) +
0(6,,w,,d) » 0asn — oo,

(since by Definition-2.2), 0(6,,, w,, ¥,) — 0)

(b, b, d) = 0and henceb = d.

Notation: 1. Suppose 0 = (R, 0,0), Q =

(0,R,0)and ¥ = (0,0, R).

Ifd e ®@U QuUY then

0ifa=(0,0,0)

0 ifd = (6,0,0)

wifd=(0,w,0)

Y ifda=(00,y)

a = 0iff @ = (0,0,0).

2.Fora,hbeouQuUY

ld—b Il

_ {|&| + |b|

|&—b| if b belong to the same stalk.

if @, b are in different stalks

la—>bl, )
=The Euclidean distance between dand b

_ JJ@ + b2 if 4, b are in different stalks

|&—b| if b belong to the same stalk.
000, w,P)=10—-9Yll; Hlw—-9 I, +
16 +0 -2 Il
3.01(6,w,9) = [0] + |&] + ||

4.0,(0,w,9) = /92 + O + 2.

5. 0cr (6, w, ) = max{|8], |&], [P |}if
6,w,P) EO XA XWY.
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Example 2.5. Let ® = (R, 0,0), Q =
(0,R*,0)and ¥ = (0,0,R*). Then®@ N QN Y =
{(0,0,0)}.
Let 0g: @ X Q X ¥ - [0, +0) be defined by
006, 0, Y)=10—-YIl; +tlw -9 ll;+
10+w-—2¢ ;.
Then (0,Q, W, g,) is a complete stalk space.
(i) 8, w, Y ecore then clearly
0 =w=1=(0,0,0).
Hence (2.1.1) is satisfied.
(ii) Clearly (2.1.2) is satisfied.
(iii) Suppose
(01, w1, Y1), (62, w2,92) €O X A XY,
we show that
00(01, w1,¥1) < (61, w1,¥3)
+00(62, w2,92)
+ 00(62, w2, Y1)
We observe that
006, w,P)=N10—-Y Il +Hlw—-yY I, +
N6 +w-—2¢ ;4
=210 + 2|®| + 4P|
From this we have
00(01, w1, 1) = 2|01 | + 2|61 | + 4[1h4],
00(01, w1,;) = 2|6, | + 2|0, ] + 4|1/A)A2|
00(02, w2, P2) = 2|6, + 2|@,| + 4|, |
andgo (6, wz, 1) = 2|6, | + 2|d | + 4[4 |
= 00(01, w1,Y3) + 00(02, w2, 17)
+ Qo(pzrwzrkbl) X
= 2|61| + 216, | + 4|,
+2[8,| + 2102 + 4|,
+2|0,| + 216, + 4| |
= 00(61, w1, Y1) + 200(67, w2, Y2)
= 00(61, w1, 1) < 00(01, w1,92) +
00(82, w2, ¥3)+00 (82, w3, 7).
The following can be prove similarly,
00(81w1,11) < 00(01, w3, Y1) + 00(62, w1, P2)
+ 00(62, w2, ¥,)
00(81w1,¥1) < 00(02, w1, Y1) + 0961, w2, P2)
+ 00(62, w2, Y1)
00(82, w3, ¥;) < 00(01, w1, P2) + 09(61, w1, 1)
+ 00(62, w2, Y1)
0(82, w3, 93) < 0(01, wz,¥1) + 0(6y, w1, Y1)
+ 0(62, w1, P2)
andgg (6,, w2, 1¥2) < 09(0,, w1,31) +

00(01, w1, Y1) + 00(01, w1,97)
From this we obtain (2.1.3)

= (0,Q,¥, 0y)is a stalk space.
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Suppose (8, w,, P,) €O X QA X ¥ and
QO(Qn' Wy, lpn) -0

Since {(0,0,0)} is the only seed in core, by the
Definition-2.3,

(6, w,, Y,) — (0,0,0)as n — oo,

=~ (0,Q,Y¥, 04)is a complete stalk space.

Example 2.6. Write ® = (R*,0,0), 2 = (0,R*,0)
and ¥ = (0,0, R")in this case we say that®, Q and
¥ are independent copies of R*with
ONQNY ={(0,0,0)} Let
01:0 X QA XY — [0, +0)be defined by
01(6,w, ) = |6] + |®] + []. Then (6,0, ¥, 0;)
is a complete stalk space.
(1) 8, w, P ecore then clearly

0 =w=1=(000)

Hence (2.1.1) is satisfied.
(i1) Clearly (2.1.2) is satisfied.
(|||) Suppose (91,(1)1,1/)1), (92, (1)2,1!12) EOXOQX
Y, we show that
01(81, w1, Y1) <
01(01, w1,¥;) + 01(6,, w2, ;) To (62, wzx}bl)-
We observe that 01 (6, w,y) = |0| + |@| + |Y|
From this we have
0161, w1,YP1) = |é1| + || + |l.§1|,
01061, w1, ;) = |é1| + || + |1l12|
01062, w2, ;) = |éz| + |&y] + |1P2| )
ando1 (62, wa, 1) = 6] + @2 | + [1]
01(01, w1,¥3) +AQ1(92'(U2»1/J22 + 91(192'0)2'1111)
= [61] + @1 + || + [62] + 1@
+ |1/A)2| + |92| + |@,] + |lﬁ1|
= 01(01, w1, Y1) + 201(0,, w2, P2)

= 01(01, w1, Y1)
< 01 (611 w1, lpZ)
+ 01(02, w3, 7)
+ 01(02, w2, Y1)

= Ql(ellwlf lpl) + 291(62’0)21 lpZ)
The following can be prove similarly,
91(01,(1)1,1,[)1) <
01(01, w2, 1) + 01(62, w1, P2) + 01(62, w2, P),
01(01, w1, Y1) <
01(02, w1,Y1) + 01(61, w2, P2) + 01(62, w2, P,),
01(02, w3,92) <
01(01, w1,¥7) + 01(61, w1, Y1) + 01(0,, w2, Y1),
01(0,, w2, P2) < 01(01, w2, 1) + 01(61, w1, Y1)
+ 01(0,, w1, ¥3)
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and 01 (6, w,, ;) < 01(02, w1, Y1) +

01 (gll w1, 1/)1) + 01 (017 w3, 1/)2)
From this we obtain (2.1.3)

=~ (0,Q,%, 0,)is a stalk space.

Suppose (6, w,, ¥,) € 6 X Q x Wand

Ql(en' W, l/}n) - 0.

Since {(0,0,0)} is the only seed in core, by the
Definition-2.3, (6,,, w,,¥,) — (0,0,0)as n — co.
~ (0,Q,%¥, 0,)is a complete stalk space.

Example 2.7.Let ® = (R*,0,0),Q =
(0,R*,0)and ¥ = (0,0,R*). Then®NnOQNVY =
{(0,0,0)} we write 8 = (6,0,0), w = (0, w, 0) and
¥ = (0,0,1). Letg,: 0 X Q x ¥ — [0, +00) be
defined by

02(0,w,9) = /éz + @2 4 1P2. Then

(0,Q,%,0,) is a complete stalk space.
(i) 8, w, Y ecore then
clearlyd = w =y = (0,0,0)
Hence (2.1.1) is satisfied.
(ii) Clearly (2.1.2) is satisfied.
(|||) Suppose (01, (1)1,1,[)1), (92, (1)2,1/)2) EOXOX
Y, we show that
02(61, w1, Y1) <
02(61, w1, P3) + 02(62, w2, P2) + 02(62, wo,1).

We observe that 0, (6, w,¥) = \m

From this we have

2 .
02(01, w1, Y1) = \/91 + OF + Y

2 .
02(01, w1,Y3) = \/91 + OF + 93

. . 2
02(02, w3, ;) = \/922 + 0% + P,

~2 R
andg; (02, w2, 1) = \/92 + 0% + Y7

A2 A
J91 +of +1)f

A2 A
<J91 +of + 15

A2 A~
+ \/92 + % +12

A2 A~
+ \/92 + @7 +1?
=~ 02(01, wy, Y1) <

02(01, w1,¥72) + 02(62, w2, 2) + 02(0;, w2, Y1)
The following can be prove similarly,
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02(01, w1,91) <

02(01, w3, 1) + 02(02, w1,Y2) + 02(62, w3, P3),
02(61, w1,¥1) <

02(02, w1, Y1) + 02(01, w2, P2) + 02(0;, w2, P2),
02(02, w3,92) <

02(01, w1,2) + 02(01, w1,¥1) + 02(62, w3, 1),
02(02, w2, P;) < 02(61, w2, P1) + 02(01, w1, 1)

+ 02(02, w1,7)
ando; (6, wy,P2) <

02(02, w1, Y1) + 02(01, w1, Y1) + 02(61, w2, P7).

From this we obtain (2.1.3)

=~ (0,0,¥, 0,)is a stalk space.

Suppose (6, w,, ¥,) € 6 X Q X Wand
QZ(Hnr Wy, lpn) - 0.

Since {(0,0,0)} is the only seed in core, by the
Definition-2.3,

(8, @y, ) — (0,0,0)asm - oo

=~ (0,Q,Y¥, 0,)is a complete stalk space.

Example 2.8.Let ® = (R*,0,0),Q =
(0,R*,0)and ¥ = (0,0,R*). Then®@NQANY =
{(0,0,0)} we write 8 = (6,0,0), w = (0, w,0) and
Y =(0,0,1). Let 0,,: 0 X A X ¥ - [0, +0) be
defined byo., (8, w, ) = max{|8|, |®|, |{|}. Then
(0,Q,¥,0.,) is acomplete stalk space.

(i) 8, w, Y ecore then

clearlyd = w = = (0,0,0)

Hence (2.1.1) is satisfied.

(ii) Clearly (2.1.2) is satisfied.

(|||) Suppose (91, (Ul,ll)l), (92, (1)2,1!12) €EBXOX
Y, we show that

0w (01, w1,1) <

000 (01, w1, P2) + 00 (02, W32, 12) 000 (925 0)2'1/112-
We observe that 0., (0, w, ) = max{|8|, |®|, |Y|}
From this we have

00 (61, w1,Y1) = maX{lel 1,1:)1 },
00 (61, w1,92) = max{|91| |y diz }

}

~

0 (62, w2, ¥;) = max{|6;], |&,

ando., (6, w,, Y1) = max{ 6, |0)2|, /2 }
|91| maX{|91| .

< max{|91 011, |1’[32|}

+ max{|8;|, |&,], 1,1A)2 }

+ max{|92|,|d)2|, Py }
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|| < max{|91 ,
< max{|91|, |41, |1/32|}
+max{|92|, 0 )
+ max{|92 , | @

[] < max{|d, 10,
< max{|?1|, |, ], |lib2|}
+max{|02|,|d)2A|,|1/)2|} A

+max{|92|, |, |, |1/J1|}

" 00 (01, w1, Y1)

< 000 (01, w1, Y3)

+ Qo (92, w7, l/iz)

+ 00 (62, w2, Y1)
The following can be prove similarly,
O (91'(‘)1' 1/11) Qw (91,(1)2, lpl) +

000 (602, W1,12) + 0co (8, w2, Y3)
O (91'(‘)1' 1/11) Qw (92;0)1; lpl) +
000 (61, W2, 2) + 000 (02, w2, 17)
00 (02, w2,2) < 06 (01, w1, Y7) +
0w (01, w1,¥1) + 0cs (02, w2, Y1)
000 (62, w2, 12)

< 00 (01, w2, Y1)

+ 00 (61, w1,91)

+ 00 (62, w1,92)
and g, (82, w2, ¥3) < 00 (62, w1,91) +

000 (61, W1, 1) + 00 (61, w3, P2).

From this we obtain (2.1.3)
=~ (0,0,¥, 0. )is a stalk space.
Suppose (6, w,, ¥,) € 6 X Q x Wand
O (gniwn' lpn) - 0.
Since {(0,0,0)} is the only seed in core, by the
Definition-2.3,
(6, wp, P,) — (0,0,0)asn — oo
=~ (0,Q,Y, 0., )is a complete stalk space.

Definition 2.9. Let (0, Q, W, o) be a stalk space.
We say that T is a stalk map on (0,Q,W¥,0) if T is
aselfmapon (0,Q,¥)ie,To6 € 0,TQ < Qand
TY c W.If T isastalk map on (0,Q,¥,0),

we write T: (0,Q, %) = (6,Q,¥).

If (6, w,Y) € 6% Q X W then we write
TO,w, ) =(TO,Tw, TY).

A stalk map T on a stalk space (0, Q, ¥, 0)
is said to be contraction if3 k € [0,1) such that
o(T6,Tw, Ty) < ko (6, w, )
forall 6,w,p €O X QA X V.

In this case k is called contraction constant..
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Definition 2.10. Suppose T is a stalk map on the
stalk space (0, Q, ¥, p). We say that d is a stalk
fixed point ofT if @ € seed and T'd = d. In this
case we say that d is a Mother of T

Definition 2.11. A stalk map T on a stalk space
(0,0,¥, o) is said to satisfy ST-condition if

for any given € > 0,36 > 0 such that
e<o@,wyP)<e+d implies o(TO,Tw, TY) <€
1)

whenever (0,Q,¥) € © X Q x W.In this case we
say thatT is a ST-contraction.

We observe that ST-condition is an extension of
Meir-keeler condition in metric spaces [7] to stalk
spaces.

Definition 2.12.8T-condition for sequences in a
stalk space

Suppose (0, Q, ¥, o) isastalk space and T is a
stalk map on © x Q x W. Suppose {(6,,, w,,, Y,,)}
is a sequence in ©® X Q x ¥. We say that the
sequence satisfies ST-condition for sequences if
the following holds,

for any given € > 0,3 § > 0 such that

€ < 06, wy, YP;) < € + dimplies

0011, Wnt1, P111) <€

Lemma 2.13.Let (0, Q, ¥, o) be a complete stalk
space and (6, w,, ¥, ) be a sequence in

0 x Q x ¥ satisfying the ST-condtion:

For any given € > 036 > 0 such that

€ < 0(O0,, wy, P;) < €+ & implies
0011, Wt P141) <€ (2)

Write an = Q(Hnjwnr l/)n)J ﬁn = Q(Hn'wn: lpn+1):
Yn = Q(Hn'wn+1r l/)n)r Pn = Q(9n+1'wn' l/Jn),

Op = Q(9n+1lwn+1l ¢n)’

An = Q(9n+1anr lpn-i—l)and

fn = Q(en' Wn 1, ¢n+1)- Then

{a 3, (B} ivn} {on} {0}, {4, } and {£,,} are

monotonic non-increasing and converge to 0.
Proof. (i) Suppose n = m = [ and

06, wp, Py) >0

Take € = 0(6,,, w,, ¥,,). Then by the equation
Q(Hn-i-l' Wn+1) lpn+1) < € so that Api1 < Ay (Say)
% 0(0,, wy, Y,) L, wheren > 0. Then

0(On, wp, ) > 1 )
Ifn > 036 > 0such that (2) holds.

Hence 3 ny € N such that n > n,
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= 00y, wn, Py) <N+ 6

“ 0(0p41) Wna1, Yny1) < mforn > ny whichis a
contradiction to (3)

Hencen =0

Q(Qnrwn' lpn) 10

s a, — 0asn — oo,

In a similar way we can show that

{Bn} {vn} {pn}, {00}, {4, Jand{¢,, } decrease to 0.

Lemma 2.14. Every contraction in stalk space is a
ST-contraction.

Proof. Suppose T is a contraction so that

o(TO, Tw, TY) < ko(6, w,P), where k € [0,1).
Suppose € > 0. Take § = L))

Suppose € < (0, w,P) <€+ 4.
Then o(TO, Tw, TY) < ko (0, w,Y) < k(e + 5)
1-k
= ke + k( X >6 =€

~o(TO, Tw, TY) < €
~for any given ¢ > 03 § > 0 such that
€< o(0,wY) <eimplies o(TO, Tw, TY) < €.

Theorem 2.15. Suppose (0, Q, ¥, o) is a complete
stalk space and T is a stalk map on (0, Q, ¥, 0)
satisfying the ST-condition:
For any given € > 0 there exists § > 0 such that
e<o(0,w,¥) < e+ dimplies o(TO, Tw, TY) < €(4)
Then T hasonly one seed, @ ecore®@nNnQNY
which is a mother, i.e., Td = d.
Proof. Let (0,0, ¥, o) be a complete stalk space
and T: (0,Q,%) = (0,Q,¥) be astalk map.
For any element (8, w,Y) € © X Q X ¥. We write
T(6,w,)as(TO, Tw, TY).
Now let (6, wg, o) be an elementin ® x Q X W.
Define the sequence {(0,, w,, Y,)} INO X QA X ¥
as follows
(61, w1, Y1) = T (6o, wo,Po)
(62, 2,12) = T*(Bo, w, Yo)
= T(T (80, wo, o)) = T(61, w1, 1)
(03, w3, P3) =
T (62, w2,132), -y (Opg1, Wni1, Pry1)
=(T6,,Tw,, TY,) Vn=0,12,..
= A{(6,, w,, P,)}isasequence in @ X Q X V.
Write a,, = 0(6,,, w,,, ¥,,).
Now we show that {a,, } is monotonic
non-increasing sequence.
we may suppose that ¢(6,,, ,,, ¥,) > 0
we observe that a, = 0 impliesa,,;,; =0
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Take € = 0(6,, w,, ¥, ). Then by equation-(4),
o(T8,, Tw,, TY,) < eimpliesa, ;1 < a,
Suppose (6, w,, ¥,) L n, where n > 0.
Suppose n > 0. Then 3 § > 0 such that
equation-(4) holds.

3 ny € Nsuch that n > n, implies
00y, wn, P) <m+ 8 forn>ng

“ 0(Op11, Wnt1, Y1) < mforn > ny.

This contradicts equation-(5)

~n=0

Hence o(6,,, w,,¥,,) 1 0

~ 3 d eseedi.e., (d,d,d) € corel® N QN Wsuch
that 0(6,,,d,d) - 0,0(d, w,,d) — 0,

Q(a' dr lpn) - 0' Q(Qn' Wy, a) - O:

0(6y, d, ) - Oande(d, wy,, P,) - 0.
Claim:(Td, Ta, Ta) = (d,d,d)

First we show that 0(0,,.1,Td,Td) = 0

Now o(6,,d4,d) =0=>6, =d=d

= T0, =Td

= 0(0,.1,Td,Td) = 0.

Lete >0.Thendny €N

such that 0(8,,d,d) < e Vn > ng

We may suppose that 0 < o(0,,d,d) = €
Then by equation- (4),

0(0,41,Td,Td) = o(TH,,Td,Td)

< 0(0,,d,d) » 0asn — oo,

% 0(0,41,Td, Td) - Oasn — oo.

Similarly we can show that,

o(Td, wy41,Td) = 0asn — oo,

o(Ta,Td, Pnqq) - Oasn >
Q(9n+1rwn+1er) — Qasn — oo,

Q(en-i-l'le 1,[)714.1) — Oasn — o

ando(Td, wp41, Pny1) = 0aSN - 0,

o~ (6,, wy, Yy) = (Td, Td, Tda)by Lemma-2.4,
~Ta=d

=~ dis a mother of T.

Let (b, b, b) € core ® N QO NW¥ be another mother
of Tie., Th =b.

Suppose @ # b. Then o(b, b, d) > 0

Let e = o(b, b, d). Then from equation-(4),
o(Th,Th,Td) < €

o(b,b,d) < e =o(b,b,a)

= o(b, b, @) < o(b, b, @), which is a contradiction
nd=h

Thus T has only one mother.

Now we give an Example in support of
Theorem-2.15.
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Example 2.16. Write ® = (R*, 0,0),

Q = (0,R*,0)and¥ = (0,0, R")in this case we
say that ©, Q and W are independent copies of
Rfwith®@ n QN ¥ = {(0,0,0)}. Let

02:0 X QXY - [0, +00)be defined by

Q2 (0' w, l/}) =

-yl +tlw—vyI, +16+w-—2¢ l,,

vV 0,w,yY € R. Then (6,Q, ¥, 0,) is a complete
stalk space. Let T(0,Q,¥) = (0,Q,¥) be astalk

map defined by T'(8, 0,0) = (% 0,0),
T(0,w,0) = (0,2,0)andT(0,0,%) = (0,0,%).

0 @y =¥
ThusT0—2,76"w—2,T¢—2.

andT"*10 = ——,vn=0,12,..
Similarly, T"*'w = ~= andT"*'y = 2:!/’7

foro e Qandyp € V.
Now the ST-condition is

For any given e > Otake § = -.
Then 0,(0, w,Y) =

\ﬁ2+¢2+J@2+¢2+Jéﬂ+@2+@ﬁ

ando, (T6, Tw, Ty) = [+ (82 +12) +

+Jé?+@2+4¢ﬂ
1
=§Qz(9.w.l/))
Now, € < (8, w,) <€+ =€+5==

.e<1 p <3€<
“2\292( ’w’l)[)) 4 €

= 02(TO, Tw, TY) < €

Thus condtion-(4) of Theorem-2.15, holds.

~by Definition-2.10, T has only one seed which is
a mother.

Clearly, (0,0,0) is the only mother of T.

Now we obtain contraction principle in stalk
spaces as a Corollary to Theorem-2.15.
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Corollary 2.17.Contraction principle in stalk
spacesLet (0,Q, ¥, o) be a complete stalk space
and T: (0,0Q,¥) = (0,0, %) be a contraction
i.e.,, 3k € [0,1) such that

o(TO,Tw, TY) < ko (6, w, )
forall (0,Q,%) € @ x QxW¥. Then T has a only
mother.
Proof. Follows from Lemma-2.14 and
Theorem-2.15.

Example 2.18. Write ® = (R*,0,0),Q =
(0,R*,0) and ¥ = (0,0, R")in this case we say
that
0, Qand¥ are independent copies of R*twith
OoNQNY ={(0,0,0)} Define
00:0 X QXY > [0,+00)by
00, w,P)=I0—-Y Il tlw—9Y l; +

6+ w-—2¢ I
Write 8 = (6,0,0), w = (0, w, 0) and
Y = (0,0,Y)VO, w, P € R. Let
T:(0,0,¥) = (0,0, ¥)be defined by T(6,0,0) =
(2,00),7(0,0,0) = (0,2,0) and T(0,0,) =
(0,0, %) Thus T is a contraction with contraction

constant %

Clearly by Example- (2.5), (0,Q, ¥, 0y) is a
complete stalk space.

Let 8, = (1,0,0), wy = (0,1,0)and 1, = (0,0,1).
Write

1 1

91 = TGO = <Eloro)rw1 = TwO = (0’§’0>
1

and 1, = Tt = (0,0,3).

Inductively, 6,,.1 = T6,, w,+1 = Tw,and
lpn+1 = Tlpn-
So that
90(0n+11wn+1: ¢n+1) = QO(THn'Twnlepn)
_ (9_n Wn ¢_)
Qo \2 272
= 590(90» wo,Po)

1
< WQO(HO»(UOJ/JO)
QO(Hnrwn'lpn) —0asn - oo.
Now (0,0,0) € ® N Q N ¥ such that
QO(Qn' 070) - 0, QO(O' Wy, O) - O;
90(0101 lpn) - 0! QO(enlwnrO) - 0’

QO(Qn' 07 lpn) - OandQO(O' Wy, l/)n) - 0.
~ (6, w,,Y,) » (TO0,T0,T0O)
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~ (T0,T0,T0) = (0,0,0)

= 0is the only mother of T

The following Example supports Theorem-2.15,
being a ST-contraction.

Example 2.19.Write ® = (R*,0,0),Q =
(0,R*,0)and ¥ = (0,0, R™). Let g: © X Q X
Y — [0, +0) be defined by

000, 0,P)=160—-YIl; tlw—79 I+

16+ w-—2¢Yl.

Then (0,Q, W, g,) is a complete stalk space

Example-(2.5). Define the stalk map

T:(0,0,¥) = (6,0,¥) by

7(6,0,0) = (%,0,0),T(0,w,0) = (0,%,0)and

T(0,0,¢) = (0,0, %) Then T is a ST-contraction.

Lete>0andtake6=§

We have € < go(6, w, ) < € +5 ="

C 20+ 20 + 4 < €
00(0,w, ) =20+ 20 + 4¢P < - )

S0+h+2P < )
onaaramy =[i-4] + -4,
preay T
Bl
RO

<O+d+2Y

D

4e .
< - by equation-(7) < e.

2 00(TO, Tw, TY) < €
~ Tis a ST-contraction.

I11. Stalk continuity, commuting Stalk maps
and weakly compatible Stalk maps

Definition 3.1.Stalk continuity:

Suppose (0, Q, ¥, o) is a stalk space and let
S:(0,Q0,¥) = (06,Q,¥)be a stalk map. Ifa
sequence, (dy, by, ¢,) — (d, d, @) € core implies
S(dn, by, é,) = S(d, d, d) then we say that S is
continuous.
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Definition 3.2. Suppose (0, Q, ¥, o) is a stalk
space and S, T: (0,Q,¥) = (0, Q, ¥) are two stalk
maps. Suppose the pair (S, T) satisfies the
following conditions:

VO, w,P) EOXQAXY

(3.2.1.) for any given € > 036 > 0 such that

€ < 0(56,Sw,SYP) <

€ + dimpliesp(TO, Tw, TY) < € and

(3.2.2.) S0 = Sw = SypimpliesTO = Tw = TY.
Then we say that T is a ST-contraction with
respect to S (or) simply (S, T) is aST-contraction
pair.

Note: If S is the identity map, we get
Definition-2.11.

Now we have the following Theorem for a ST-
contraction pair of stalk maps.

Theorem 3.3. Let (0, Q, ¥, ¢) be a complete stalk
space and let S, T: (0, Q,¥) = (0,Q,¥) be two
stalk maps such that T is a ST-contraction with
respect to S. Then T is continuous if S is
continuous.
Proof. Suppose T is a ST-contraction with respect
to S.
For any given € > 0 there exists § > 0 such that
€< 0(56,5Sw,5¢Y) <e+6
implieso(T0, Tw, TY) < € (8)
andSO = Sw = Sy impliesTO = Tw = Ty (9)
V(O wip)edXxQXW.
Suppose S is continuous.
Suppose (6, w,, P,,) isasequence in O X Q X ¥
such that o(S6,, Sw,, SY,) — 0.
Then by equation-(8)

0(T6h, Twy, Thy) < (S8, Swy, SP,) - 0
Further, if (6,,, w,,¥,) — (d,d,d) and S is
continuous then (S6,,, Sw,, SY,) — (Sd,Sd,Sa)
Now, o(T#8,,Td, Td) < 0(S6,,Sd,Sd) - 0
o(Td, Tw,,Td) < o(Sd,Sw,,Sd) - 0
o(Td, Td, Ty,) < o(Sd, Sd, S,) = 0
o(T6,,Tw,, Td) < 0(56,,Sw,,Sd) - 0
o(Td, Tw,, Th,) < 0(Sd, Swy, S,) = 0
= (T8, Tw,, TY,) = (Td,Td, Td)
=~ Tis continuous.
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Theorem 3.4. Let (0, Q, ¥, o) be a complete stalk
space and let S, T: (0, Q,¥) = (0,Q,¥) be two
stalk maps which satisfy the following conditions:
(3.4.1). S and T are commuting mappings
(ie.,ST =TS)
(3.4.2). S is continuous
(3.43). TO S SO,TQAC SQand TY € S¥
(3.4.4). T is a ST-contraction with respect to S.
Then the maps S and T have only one common
mother.
Proof. Let 6, € 0, w, € Qand Y, € V.
Now choose 8; € @ such that
Tgo = 501 =Uy,wq] € Q such that
Twy, = Sw; = vyandy, € Y such that
Ty, = Sy, = wy. This can be done by
condition-(3.4.3).
In general we can choose
(6, w,, P,) € O X Qx ¥ such that
Tgn—l = SBn = un,Twn_l = Swn = Unand
TYn_1 = S, = w,,Vn € N.
Hence(T 6,1, Twy—1, Thn—1) = (S6n, Swy, SPy,)
= (U, Vn, wy) = By(say)

Claim:o(B,) 1 0.
Take € = o(B,). Then by condition-(3.4.4),
Q(un+1' Un+1, Wn+1) < Eimp“es
0(Pny1) <o(P)
=~ o(B) I n,wheren > 0. Then
e(P)>nVneN (10)
If n > 0 there exists § > 0 such that
condition-(3.4.4) holds
ie,n <o(S6,,Sw,,SP,) <n+4forlarge n
= 0(T0,, Tw,, TY,) <7
= 0(Py11) <7
which is a contradiction to (10).
Hencen =0
~o(B)L0 )
3G eseedi.e., Q =(q4,4,4G) ecore®dONOQNY
such thatP, —» Q = SP, - SQ

= TP, > TQ
(Since T is continuous by Theorem-3.3)
TPn : S(Rr}+1) - SQ
S0 =TQ
= 5(SQ) = S(T))
Claim:Q is a mother ofSand T.
SupposeSQ # Q.
Then 0(5(50Q),50,5Q) > 0
»0(T(5Q),TQ,TQ) < ¢(5(5Q),5Q,50Q)
= o(T(50),T4,TQ) < o(S(T0),TQ,T))
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(-by condition-341)
= @(T(S0), TQ,TQ) < (T (), TQ,T{), Which
isa gontrgdictio_r_l:. QQS(SQ),SQ,SQ) =0
~SQ=0Q0>TQ=¢

~ Qis a common mother ofS and T.

Let Q, R be mothers of Sand T.

Suppose Q # R.

Then(Q,Q,R) = o(TQ, TQ,TR)

- <0(50,5Q,5R) = e(Q,Q,R)
Q(QQR) < 0(0Q, Q, R)which is a contradiction
~0(Q,Q,R) =0
~0=R
Thus S and T have only one common mother.

Definition 3.5. Weakly compatible stalk maps:
Suppose (0, Q, ¥, o) is a complete stalk space and
S, T:(0,0,%) = (0,Q,%) are two stalk maps.

If (Sd, Sh,S¢) = (Td,Th,TE) implies

(TSd, TSh,TS¢) = (STd, STh, ST¢é) then we say
that S and T are weakly compatible stalk maps.

Theorem 3.6. Let (0, Q, ¥, o) be a complete stalk
space and let S, T: (0, Q,¥) = (0,Q,¥) be two
stalk maps which satisfy the following conditions:
(3.6.1). S and T are weakly compatible.

(3.6.2). S(6 U QU W) is complete.

(3.6.3). S is one-one.

(3.6.4). T® € $O,TQ < SQand TY € SY.
(3.6.5). T is a ST-contraction with respect to S.
Then S and T have one common mother.

Proof. Let 90 € @, Wy € Qand lpo EVY.

Now choose 8; € O such that

T, = SO, = uy, w; € Q such that

Twy = Sw, = viandy, € W such that

Ty, = Sy¥; = wy. This can be done by
condition-(3.6.4).

In general we can choose

(6, w,, P,) € O x Q x ¥ such that

T6,_1 =56, =u,,Tw,_1 = Sw,, = v,and
TY,.1 =S¢y, =w,,Vn € N.

Hence (Ten—llTwn—llepn—l) = (Senlswn'Slpn)
Claim:o(S6,, Sw,,SY,) 1 0

Take € = 0(56,, Sw,, SY,,)

Then by condition- (3.6.5), 0(T6,,, Tw,, TY,) <
€ = 0(S6y, Swy, Sy)

~ 0(56,,Sw,,SY,) L n,wheren >0
~0(56,,Sw,,SY,) >nvVneN (11)
If n > 0 there exists § > 0 such that
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condition-(3.6.5) holds
ie,n <o(S6,,Sw,,SP,) <n+4forlarge n
= 0(T6n, Tw,, Th,) <7
= 0(S0n 41, Swn 11, SPny1) < nfor large n
which contradicts (11)
Hencen =0
By condition-(3.6.2), 3 g € seed
i.e., 0 = (d,4,q) € core ® N QN W such that
(Sgn!S(‘)n!Swn) - 5Q = S(q' 4, q)

=(54,54,59)
(Ten'T(‘)anlpn) = (50n+115wn+1151pn+1) - SQ
Now by using condition (3.6.5),
Q(Sgn+1'5(‘)n+1'SQ) -
0implieso(T6,, Tw,, TQ) - 0
Q(Sen+1'5Q:Slpn+1) -
Oimplieso(T6,,TQ, T,) - 0
Q(SQ'S(‘)n—i-l'Slpn—i-l) -
oimplieso(TQ, Tw,, Tip,) = 0
0(56,4+1,50,5Q) — Oimplies
o(T6,,TQ,TQ) - 0
0(5Q,Sw,+1,5Q) — 0implieso(TQ, Tw,, TQ) -
0
0(50,50, Sy 11) — Oimpliese(TG, TG, Tipy) =
0
o(T0,, Twy, TY,) » TQ
~SQO=TQ
= T(SQ) = S(TQ)(~by condition- (3.6.1)).
IfSQ + Q - 0(5(5Q),50,5Q) >0
= o(T(50),70,TQ) <__g(5(_$é)__,SQ,SQ)

. =0(8(TQ),5Q,5Q)

= 0(T(SQ),TQ,TQ) <o(T(SQ),TQ,TQ)
~0(5(50),5Q,5Q) =0
~S(SQ) =0 o
Since S is one-one follows that SQ = Q
“TQ=SQ0=0Q
Let u, T be mothers of Sand T.
2Su=Tu=pandSt =Tt =1
Suppose u # t

Then
o, 1, 7) = o(Sp, Sy, ST) > o (T, Ty, T)
=o(uu 1)
= o(u, u,7) < o(u, 1, T)Which is a contradiction.
,U. =T

Thus S and T have only one common mother.
The following Example is in support of
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Theorem-3.6.

Example 3.7. Let ©@ = [0, %] Q= [0, %] and

¥ =[0]andenanw = (0,00
Define 01: 0 X Q X ¥ — [0, +00) be defined by
01(6,2,¥) = |6] +|@| + [1|. Then (6,0, ¥, ¢1)
be a complete stalk space by Example- (2.6). Let
S, T:(06,0,%) = (0,Q,¥) be two stalk maps
defined by S6 = 8%, T8 = 3. ThenSand T
satisfy all the hypothesis of Theorem-3.6.
Consider S, T:(0,Q,¥) = (0,0, ¥) be two stalk
maps defined by S6 = #%and TO = 63.
If 6 € © then 5(6,0,0) = (62%,0,0) and
T(6,0,0) = (63,0,0)
If 8 € Q then S(0,6,0) = (0,62,0) and
T(0,6,0) = (0,63,0)
If & € ¥ then $(0,0,0) = (0,0,62) and
T(0,0,8) = (0,0,63)
(1):=> 5006,0,¥) =T(6,0,¥)
= 02 = 63, w? = w3andy? = Y3
=6 =0,w=0andy =0
= (ST)(0,0,¥) = S(63, w3,3)

= (6% w®¥°) = (T5)(6,0,¥)
~ SandT are weakly compatible.

1
(2):= S(0) = [o, Z] % {0} x {0},

1
S(Q) ={0} x [0, Z] x {0}
andS(¥) = {0 x {0} x [0,5]
LSO cS0,50cand SY c V.
Let (0, w,,¥,) €O X Qx¥and
(86,,Sw,,SY,) - 0
= (67, w5, ¥7) > 0

= 01 (62, w3, Y2) = 62 + @2 + 2 > 0

and(0,0,0) € core.
S(6n, @y, ) = (0,0,0)
~ 56, w,, P,) = 5(0,0,0)
=~ Condition (3.6.2) holds.
(3): Claim: S is one-one.
SO, w,9) =S50 ,0,P)
= (0%, 0%, 9%) = (02,0297
=02 =07%w=wiandp® =1*
260=0,w=wandy =y
where 6, w, 9,0, w " € [0%]
=~ Condition (3.6.3) holds.
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(4):= TO = |0,z|andse = [0,5]

~TO C SO

In a simlar way we have,

TQ € SQandTV¥ c SY.

=~ Condition (3.6.4) holds.

(5): Claim: € < 0(560,5w,SY) < e+ 6=

o(TO, Tw, TY) < €.

Let § = €2 and (56, Sw, SP) = 62 + @? + P>

Suppose 83 + @3 + 3 > €.

€< 0?2+ d*+1% <e+ée?

<03+ 0% +9° + (8% + &% +9°)’

< (63 + &% +4°)

(@) @) 6
8 3) o7 (3) T ¥ (5
11 . . . .
<5 (02 +0% +92) < (02 + % +47)
which is a contradiction
o(T6,Tw, TY) = 63 + &3 + 3 <e.

=~ Condition (3.6.5) holds.
Clearly (0,0,0) is the only mother of Sand T.

IVV. Conclusion and future work

We introduced stalk spaces, stalk maps and
establish fixed point theorems in stalk spaces for
stalk maps.We have given some examples which
are supporting to our results. We study the notion
of continuity of stalk maps.We explored a new
contractive condition namely ST-condition for
stalk maps. In future we will extend our results to
some more conditions.
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