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Abstract: The notation of an undirected simple graph Gm,nM = (V,E) on a finite subset of
natural numbers m,n € N,where the vertex set V = {1,2,....n} and any two distinct vertices
u,v € V are adjacent if and only if u # vand u. v is not divisible by m. The energy of the graph
is the summation of the absolute values of all eigen values of the adjacency matrix of a graph
G .Matrix energy is the summation of all absolute singular values of graph G. In this paper, the
computation of energy, matrix energy of the graph Gm,nM are discussed and the results are
obtained.
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1. Introduction

The energy of the graph is introduced by Gutman[1] in 1978, m-electron energy is
determined to identify the inside the Huckel atomic orbital approximation [2, 3] by the
calculation of graph energy. The adjacency matrix of a graph G is denoted by A(G) and is

1, if v, v; are adjacent in G

defined as A(G) ={ 0 otherwise

}. The eigen values of A(G) of G are

denoted by w4, w, w, where w; > w, = -+ = w, .The spectral radius of w; of G is the highest

eigen value of G. The spectrum of the graph G is the collection of eigen values with their

Wn

mn) . The energy of a graph G is the

multiplicities of an adjacency matrix A(G) is (mi

sum of absolute eigen values of A(G) of G.i.e.E(G) =X}, |w;|. The applications of graph
spectra was presented by D. Cvetkovi'c et al[4]. The matrix energy of G by observing the
relationship between eigen values and singular values of an adjacency matrix of a G is extended

by Nikiforov [5]. The undirected graph Gm,nM is introduced by Ivy Chakrabarthy et al[6] and

proved some basic properties of Gm,nM .
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Motivated by the above work the authors studied the concepts of energy, matrix energy of

Gm,nM graph at various values of n.The notations and terminology used in this paper found in

[71
2. Gy, Graph and its properties

Definition: The Undirected simple graph Gm,nM = (V, E) on a finite subset of natural numbers
m,n € N,where the vertex set ¥V = {1,2,....n} and two distinct vertices u, v € V are adjacent if
and only if u # vand u. v is not divisible by m.

Lemma 2.1: Let m = 1 then the graph Gm,nM is a null graph with n vertices.
Lemma 2.2: For 1 < m < n, the graph Gm,nM is disconnected.
Lemma 2.3: For m > n, the graph Gm,nMis connected.

Lemma 2.4: The Maximum degree of the graph G, ," isn — 1.
3. Energy and Matrix Energy of Gm,nM graph

Let Gm,nM be a simple graph with n vertices.LetA(Gm,nM) be the adjacency matrix of the

if v;,v; are adjacent in Gm_nM
0, otherwise

are the eigenvalues ofA(Gm_nM) where w; = w, = -+ = w,. The spectra of the graph Gm,nM IS

the eigen values with their corresponding multiplicities of A(G,y,,")of the graph G,,,," is

graph G, ," is defined as A(Gp,") = {1’ }and W1, W3, Wy

w e W . .
(mi m”) . The energy of the graph Gm,nM is the sum of absolute eigen values of an
e My,

adjacency matrix A(Gp,"") of agraph G, ," . That is E(Gpn"') = St lw;l.

Let A(Gn")A(Grn™)'is a positive semi definite matrix where A(Gy,,,")’is the transpose
ofA(Gm,nM). Let uy, uyp, punare the singular values of A(Gm_nM)and these are the square root
values of eigen values of A(G,, " )A(Gmn)'Where uy = py = -+ > p,.Now the summation of
absolute singular values ofA(Gm,nM)is defined as the matrix energy of the grathm’nM. That is

Em(Gm,nM) = 2?=1|/1i |

Theorem 3.1: The energy of the graph Gm,nM whenn = 2p,p is prime,m > n,m is prime is
2(2p - 1).

Proof: By the definition of the graph Gm,nM, the vertex set V is defined as {1,2, ....n} when
n = 2p,m >n, m,p are prime. Then the adjacency matrix of the graph Gm,nM IS
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O K
(o T

A(Gm,ZPM) =

2pX2p
The Characteristic Equation of  A(Gp2,") of the graph Gp.," is (w+ 1)?P Y (w —
2p-1)=0.

Then —1 and (2p — 1) are the eigen values of A(Gm,sz) and their corresponding multiplicities

are (2p — 1) and 1. Hence the spectrum of the graph ijsz is (Zp_i 1 2p1— 1).
The energy of the graph ijsz is E(Gmlzp”’) =|-112p—-1) + |2p — 1|(1) = 2(2p — 1).

Theorem 3.2: The matrix energy of the graph Gm_nM when n = 2p,p is prime,m > n,m is
primeis 2(2p — 1).

Proof: From the Theorem 3.1, the adjacency matrix of the graph Gm,sz IS

0 1
1 0
A(Gmap™) =11 1

111 ..0
2pX2p

M my_ (T U

Then A(Gm,2p")A(Gm20") = (;; T)szzp
2p-1 2p-2 2p-2 ... 2p-2
2p—-2 2p-1 2p-2 ... 2p-2
WhereT = | 2p-2 2p-2 2p-1 ... 2p-2 and

2p-2 2p-2 2p-2 ... 2p-1
PXp
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U= (2p—2)

=
e
=

pXp
f ot ; M My’ M ;
The Characteristic Equation of A(Gy, 2y )A(Gm,zp ) of the graph G, 5, is
(0 —D* Hw-C2p-DH=0.
Then 1, (2p — 1) are the singular values of A(Gm,zp”’)and their corresponding multiplicities are

1 2p—1>

M -
(2p — 1) and 1. Hence the spectrum of the graph G, 5, is (Zp 1 1

The matrix energy of the graph Go.," is E(Gmap ) = 1112p—1) +12p — 1|(1) =
2(2p - 1).

Theorem 3.3: The energy of the graph GmlnM when m > n,m is prime, n is prime is 2(n — 1).

Proof: By the definition of the graph Gm_nM , the vertex set V is defined as when m and n are
primes and m > nisV = {1,2,....n}.

Then the adjacency matrix of the graph Gm,nM is
01

10

AGna") =11 1

111 ..0
nxn

The Characteristic Equation of A(G,y,,"") of the graph G, ," is (0w + D)™ (0 — (n — 1)) = 0.

Then —1,(n — 1) are the eigen values ofA(Gm,nM)and their corresponding multiplicities are

-1 n- 1).

(n — 1) and 1. Hence the spectrum of the graph Gm_nM IS (n 1 1

The energy of the graph Gm,nM IS E(Gm,nM) =|-1l(n—=1) + |n—1|(1) =2(n - 1).

Theorem 3.4: The matrix energy of the graph Gm,nM whenm > n,mis prime, n is prime is
2(n—1).
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Proof: By the definition of the graph Gm’nM, the vertex set V is defined as {1,2, ....n}, when m
and n are primes and m > n.

From Theorem 3.3 the adjacency matrix of the graph Gm,nM is

0 1
10
A(Gr") =11 1
111 ..0
nxn
M my_ (T U
Then A(Gpx™)A(Gma™)'= (; T)nxn
n-1 n-2 n-2 n-2 111
n-2 n-1 n-2 n-2 111
whereT =|n-2 n-2 n-1 n-2 and U=m-2)|111
n-2 n-2 n-2 ... n-1), , 111 1, .
277 277

The Characteristic Equation of A(Gp, ™ )A(Gpn™)’ of the graph Gy, ™ is
(w—1D)" YN w-(n-1?=0.
Then 1, (n — 1) are the singular values of A(Gm_nM)and their corresponding multiplicities are

(n — 1) and 1. Hence the spectrum of the graph G, ," is ( 1 n- 1).
’ n—1 1
The matrix energy of the graph Gm,nM is Em(Gm,nM) =11l(n—1) +|n—1](1) =2(n - 1).

Theorem 3.5: The energy of the graph Gm,nM where m = n,m > 1is prime and n prime is
2(n—1).

Proof: By the definition of the graph Gm,nM, the vertex set I/ is defined as {1,2, ....n}, when m
and n are primes and m > 1.

R S 0
Then the adjacency matrix of the graph Gm,nM IS A(Gm,nM) =<S R O)
0 0 0/,xn
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11 111

0 1 111

Where R = 10 and S=1{1 11
111 0)n-1 n-1 111 1), na
- %5 =z Xz

The Characteristic Equation of A(Gy, ") of G ™ is w(w + 1) (w — (n — 1)) = 0.
Then 0, —1, (n — 1) are the eigen values of A(Gm,nM)and their corresponding multiplicities are

1,(n — 1) and 1. Hence the spectrum of the graph Gm,nM is ((1) n_—ll n; 1)_
The energy of the graph G " is E(Gmn™) = 101(1) + |=11(n = 1) + [n = 1](1) = 2(n - D).

Theorem 3.6: The matrix energy of the graph Gm_nM where m =n,m > 1 is prime and n
primeis 2(n — 1).

Proof: By the definition of the graph Gm_nM, the vertex set V is defined as {1,2, ....n}, when m
and n are primes and m > 1.

R S 0
From Theorem 3.5, the adjacency matrix of the graph Gm,nM is A(Gm,nM) :<S R 0)
nxn

0 0 O
1 111
111
Where R=1{1 1 0 ... 1 and S=|11 1
111 0)n1 na 111 1)t n-a
=z Xz =z Xz
(T U 0
Then A(Gm,nM)A(Gm,nM):<U T o)
0 0 0/3xn
n-2 n-3 n-3 n-3 111
n-3 n-2 n-3 n-3 111
WhereT=|{n-3 n-3 n-2 n-3 andU=m-3)|1 11
n-3 n-3 n-3 N—=2),1 n1 111 1),21 noa
BN RS
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The Characteristic Equation of A(Gyn™)A(Gp,™) of the graph G, is w(w — 1) 2(w —
(n—2)%=0.

Then 0,1, (n — 2) are the singular values of A(Gm,nM)and their corresponding multiplicities are
0 1 n-— 2)

1, (n — 2) and 1. Hence the spectrum of the graph Gm,nM is (1 I 1

The matrix energy of the graph Gm’n"” is Em(Gm,nM) =10|(D)+ |1[(n—=2) + In—2|(1) =
2(n—2).

Theorem 3.7: The energy of the graph G, ,," where is n=2%a >1,m >nand m prime is
2(n—1).

Proof: Proof: By the definition of the graph Gm,nM ,the vertex set V is defined as when m is
primeand m >n,n=2%isV ={1,2,....n}.

Then the adjacency matrix of the graph G, 2" is A(Gp2e™) =11 1

20x2%
The Characteristic Equation of A(Gp,,e™) 0f G 2a™ is (0 + 121 (w — (2% — 1) = 0.
Then —1, (2% — 1) are the eigen values ofA(Gm,zaM)and their corresponding multiplicities are

(2% — 1) and 1. Hence the spectrum of the graph G ,, ," is (za__l " 2“1— 1).
The energy of the graph Gm,zaM isE(G mJZaM) =|-1]Q2*-1) + |12 —1|(1) = 2(2* - 1).

Theorem 3.8: The matrix energy of the graph Gm,nM where is n=2%a>1,m>nand m
prime is 2(n—1).

Proof: By the definition of the graph Gm,nM, the vertex set V is defined as {1,2, ....n}, when m
is prime and m > n ,n = 2%,

From Theorem 3.7, the adjacency matrix of the graph Gm’ZaM §
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11
01
A(Gm,Z“M) = 10
111 2@x 2@
Then A(Gm'ZaM)A(Gm,ZaM), = (g g)zdxza

29 -1 2¢-2 29-2 ... 2°=2
29 -2 29-1 2-2 ... 2°=-2
Where T=|2%-2 2%-2 2-1 .. 2“=-2

2°-2 2°-2 2°-2 ... 2°-1

Za—lxz(l—l

U=(2%-2)

N
N e
N N

111
Za—lxza—l

The Characteristic Equation of A(Gp,za™) 0f Gy 2e™ is (0 — 1)2“ 71 (w — (2% — 1)?) = 0.

Then 1, (2% — 1) are the singular values of A(Gm,za"”)and their corresponding multiplicities are

(2% — 1) and 1. Hence the spectrum of the graph Gm,zaM is (2a1_ 1 2“1— 1).
The energy of the graph Gm,zaM is Ep, (G mJZaM) =112 - 1) + |12 —1|(1) = 2(2* - 1).
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