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Abstract

Recently: 1. Gutmani [4]: puti forward: ai novel: topologicali index: namely: thei Sombor: index.i
Motivated: by: thisi noveli index,i wei study: thei new: variants: ofi Sombor: index: and: toi examinei
thei correlation: ofi newly: introduced; topological; indices: wei havei computed; thei values: ofi these:
indicesi by taking: alli possiblei treesi oni 10i vertices.i Further, wei computei bounds: for: certain;
nanostructures: viz.. hexagonal: parallelogram: P(m,n)-nanotube,: triangulari benzenoidi G, ,i
zigzag-edge: coronoidi fused: withi starphene:i nanotubesi ZCS(k,l,m), dominating: derived
networks: D;, D,, D5, Porphyrini Dendrimer,i Zinc-Porphyrini Dendrimer, Propyli Etheri Imine:
Dendrimer,; Poly(Ethylenei amidoi aminei Dendrimer,; PAMAM:;: dendrimers(PD,, PD,,DS;),i
lineari polyominoi chaini L,,Z,,Bi(n>3) B2(n=>=4): and triangular, hourglass, and;
jagged-rectanglei benzenoid: systemsi ini terms: ofi Sombori index: andi domination: number.
Keywords:i Sombori index;: trees;: nanostructures;: dendrimers.

Subject Classification: 05C90; 05C35; 05C12.

1 Introduction
Alli graphs: considered: ini thisi paper: arei finite,i simplei andi undirected.i In: particular, these:
graphsi doi noti possessi loops.i Leti G = (V, E)i bei ai graphi withi the: vertex; seti
V(G) = {vy, vy, V3, ........ v Jandi thei edgei seti E(G) = {eq, €3, ... .....en},i thati isi |V(G)| =
ni andi |[E(G)| = m.i Thei vertexi u andi v arei adjacenti ifi uv € E(G).i Thei open(closed)
neighborhood: of a vertex v € V(G) isi N(v) = {w:uv € E(G)}: andi N[v] = N(v)U{v}i
respectively.. Thei degreei ofi ai vertexi v € V(G): isi denotedi byi d;(v): andi isi defined: asi
de(v) = |[N(v)|.i Aivertexi v € V(G)iisipendantiifi [N(v)| = 1iandiisi called supporti vertexi ifi
it isi adjacenti toi pendanti vertex.. Any: vertexi v € V(G)i withi |[N(v)| > 1 isi calledi internali
vertex.i Ifi dg(v) = ri forieveryvertexi v € V(G), wherei r € Z*itheni G isi called: r-regular.i If;
r = 2ithen iti isi called: cyclei graphi C,, andi for r = 3iitiisi calledi thei cubici graph.i Ai graphi G
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isi unicyclici Ifi |V| = |E].i Fori undefined: terminologies: wei refer: the: reader: toi [7].

Molecular: descriptors: givei hope: thati thei journey: throughouti endless: chemicali spacei
won’ti bei a random: wandering: buti a methodicali voyage: toward: substances: ofi importance: toi
mankind.. Nowadays,: therei isi a myriadi ofi molecular: descriptors, andi amongi them, the:
topologicali indices: have: ai prominenti place.: Topologicali indexi isi simply:: a numerici associated:
withi thei moleculari graph.i Soi far,i largei number: ofi i suchi quantities: arei puti i forward: by: many:
researchers i righti from: 1972 [3]. An useful topological index is one which has a good predicting
power in QSPR studies. Therefore, topological indices can be categorized into two categories
useful and not so useful TI’s. One of the most useful topological index is the Sombor index SO(G)
which is put forward by | Gutman[4]:

SO(G) = Tuver(s) [Vdeg(w)? + deg(v)?] 1)

Motivated by the Sombor index, here we put forward the variants of Sombor index as
follows:

SO'(6) = Zuver(e) [deg(w)? x deg(v)?] @
Nso(G) = Xuver ) [Vdeg(S,)? + deg(S,)?] 3)
N'so(G) = Yuver(6) [deg(S,)* x deg(Sy)?] 4)

where deg(S,)(G) is the sum of the degrees of neighborhood vertices of u in G. For
more detail on topological indices refer [5-6,11-12,14-15].

2 Quality of Sombor Index and its Variants

Manyi: papersi arei dealing: withi thei "quality: ofi topologicali descriptors™.i Thisi isi ai vague:
term,; whichi isi viewed: and: defined differently: by: many: researchers.; There: werei attemptsi toi
unify: thesei approaches: and: toi gather: ai seti ofi requirements; that ai noveli topologicali invariant;
should: fulfill.i One: ofi thei besti known: ini thei circles: ofi chemicali graphi theorists, andi
commonly quoted, isi thei Randic'[13] seti ofi qualitiesi thati ai noveli topologicali descriptori should:
possess.i There,i Randici compiled: ai listi ofi thirteen: tests: toi whichi ai noveli topologicali index
should: bei subjected.i Ifi iti would: successfully: passi thesei tests,: then it would: bei qualified: for:
furtheri and: deeper: investigations.: Some: ofi these: tests: are: ofi purei chemicali nature,i whilei some
ofi them: are: technical,; whichi almost alli topological; indices: fulfill.

2.1 Correlations of Sombor Index with its Variants
Reasons: for: introducing: noveli topologicali indices,i whichi arei highly: correlated: with;
other: similari indices,: arei quite: difficult toi understand: because: almost: alli structural; featuresi ofi
the: underlying: graphi cani bei harvested: withi thei already; existing invariants.: Therefore,i iti isi of;
utmosti importancei toi checki whether: thei correlations: ofi ai novel: descriptor: withi other: similar
indices: arei exceeding: thei permitted: upper: limits.i The: abovei mentioned: topologicali indices:
were: calculated: fori alli treesi with 10: vertices(seei [7]),i calculatedi sombor: indexi andi itsi
invariantsi i and: obtained: correlations: arei given: ini thei below.
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Table 1. Sombor index and its variants values for all trees with 10 vertices.

Tree S0(T) S0'(T) Ngo (T) N'so (T)
T, 242711 32 45.495 116
T, 26.3083 34 43.3822 130
T, 25.7159 32 48,6852 129
T, 26.1592 35 474309 122
T. 26.0101 36 50.4726 140
T, 26.1592 35 49.9902 141
T, 26.0101 36 46.7485 151
Ty 26.0101 36 45.8926 140
T, 30.3912 38 54.1498 164
Tio 30.1479 34 575761 182
Ty, 29.7988 36 57.5229 189
Ty, 29.9045 42 61.0732 202
Tia 29.9045 42 60.5761 208
Tia 28.0175 42 64.7709 222
Ty 36.5025 44 60.3884 200
Ty 36.1963 47 67.917 254
Ty, 36.1963 47 68.0484 257
Tig 35.8901 50 73.3683 283
Ty 30.9559 44 78.8602 309
Tyo 446312 52 97.0892 316
T, 44.2807 56 81.3734 356
T,y 43.6883 54 79.6742 368
Ty 54.7710 62 88.9148 441
T, 54.3876 67 97.5843 491
Tye 50.7935 58 106.2385 603
Ty 81.4984 81 11455 729
T,, 26.4930 36 51.2693 144
Ty 25.4177 37 52.9866 152
Ty 28.1834 38 54.6509 163
Tag 28.0473 38 47 5545 136
Tay 28.6396 33 52.8837 155
Ty 28.1964 37 52.9320 156
Tas 28.0473 38 54.626 167
Ty 244417 38 54.6652 164
Tas 25.2188 32 56.3682 173
Tae 28.0473 38 54.6561 162
Tss 28.1964 37 56.4096 174
Tag 27.9072 39 56.4038 172
Taq 27.9072 39 56.3418 165
Tao 27.9072 39 56.3951 174
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Ty 27.8982 39 58.1842 184
Ty 27.7582 40 56.9302 174
Ty 27.6091 41 58.7240 184
Toa 32.4284 40 57.0369 178
Tree S0(T) S0'(T) Ngo (T) N'so (T)
Tye 32.2793 37 60.0142 188
Tae 32.1850 42 60.3162 198
Ty 32.2793 41 58.7525 101
Ty 32.1850 42 60.5030 202
Ty 32.1302 42 60.3977 201
Te, 32.0359 43 62.2377 208
Te, 31.9417 44 63.9989 219
Te, 23.0972 40 63.0661 222
Tes 31.9358 44 63.7966 218
Tes 31.8809 44 63.9201 221
Tes 31.7867 45 65.6661 227
Te 31.6924 46 67.4935 238
Te, 31.6376 46 67.5749 209
Teg 31.7867 45 65.8153 228
Te 31.5434 47 69.3628 205
Teo 31.4491 44 103.586 255
T, 38.5397 46 65.4695 241
Te, 38.3906 47 67.3811 251
Tes 38.2335 49 67.7562 251
Tes 38.0593 46 72.4539 281
Tes 37.9022 52 76.0151 301
Teo 37.9102 51 62.7295 216
T, 32.3679 53 76.9612 308
Teq 37.5960 55 81.5069 327
Teo 56.5985 54 77.3483 333
Tyg 46.1259 59 85.8494 383
T, 45.9244 62 91.0780 413
T, 56.3667 69 100.112 513
Ty 36.5113 44 62.5245 216
T, 36.2680 46 66.2609 236
T 35.5656 52 76.7989 293
Ty 35.5656 52 76.7290 252
T,, 35.8090 50 73.0192 276
Tyq 42.6226 50 715626 279
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Ty 41,5954 58 85.1560 271
Teo 43.4196 59 86.9025 333
Ty 49.9942 66 96.3577 459
Ty 47,8632 65 91.1115 441
Tes 29.8044 42 61.0622 201
Ty 29.2120 40 61.5342 200
Tes 31.2186 42 61.0545 197
T 29.6553 43 62.7823 207
T 29.6553 43 63.1326 205
Tag 29.9444 41 59.2292 101
Taq 29.9444 41 59.1821 187
Too 29.9444 41 59.2813 188
T, 30.0935 40 57.4647 177
Top 30.2335 39 458736 177
Toa 32.9525 52 73.9957 271
Tos 33.5746 49 72.0852 237
Tos 33.9730 46 66.7222 235
Tog 28.1170 47 68.6798 245
Ty 33.6838 48 70.3820 239
Tog 33.7781 47 68.5687 242
Toq 34.1764 44 63.2115 215
T100 34.0672 45 64.8992 225
Tyo1 43.4815 61 84.1534 345
Ty02 37.9009 51 74.3867 279
Ti03 37.5969 54 79.2030 309
Ti04 31.7015 45 65.8726 225
Tos 31.7015 45 65.6594 221
T106 39.9565 53 77.2554 305
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In the following figures, the correlation of Sombor index with its variants are depicted:
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From above figures and Table 1, it is clear that the Sombor index is not correlated well with
other variants. Therefore, it reflects that the other variants of Sombor index can be used for QSPR
analysis to check their predicting power.

3 Nanostructures

In this section we consider the chemical structures like hexagonal parallelogram
P(m,n) -nanotube, triangular benzenoidi G, zigzag-edge coronoid fused with starphene
nanotubes ZCS(k,l,m([2]), dominating derived networks D, D,, D;([1]), Porphyrini Dendrimer,
Zinc-Porphyrin  Dendrimer, Propyl Ether Imine Dendrimer, Poly(Ethylene amidoi amine
Dendrimer,PAMAM:; dendrimers( PD,, PD,,DS; )([8]), lineari polyominoi chaini L,, Z,,
Bl(n = 3), BZ(n= 4)([9]) and: triangular, hourglass, and: jagged-rectangle: benzenoid;
systems([10]).

In this paper, we consider the chemical structures like hexagonal parallelogram
P(m,n) -nanotube, triangular benzenoid G, , zigzag-edge coronoid fused with starphene
nanotubesi ZCS(k,l,m), dominating: derived: networksi D;,D,, D5, Porphyrini Dendrimer,

1438
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Zinc-Porphyrini Dendrimer,; Propyli Etheri Iminei Dendrimer, Poly(Ethylenei amidoi aminei

Dendrimer,i PAMAM:; dendrimers(PD,, PD,, DS;), lineari polyominoi chaini L,, Z,, Bi(n >

3), BZ(n = 4)iandtriangular, hourglass, and: jagged-rectangle: benzenoid: systems: which; are;
depicted ini thei following; figures:

Figure 1: (a) Aihexagonali parallelogrami P(4,4)i (b)i Ai subdivision: ofi hexagonali
parallelogram: P(4,4): (c)i Ai linei graphi ofi subdivision: graphi ofi hexagonal: parallelogramP (4,4)

Figure 2: (a) Triangulari Benzenoid: G,i fori n = 5(b)i Ai subdivision: ofi triangular: Benzenoidi
G, fori n = 5i (c)i Line: graph: ofi subdivision: graphi ofi triangulari Benzenoid: G,iforin =5
1439
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®)

Figure 3: (a) Thei Zigzag-edgei conronoid: fused: with: starphenei nanotubes: ZCS(k, I, m); for:
k =1 = m = 4 (b) Thei subdivision: graphi ofi zigzag-edge: coronoid: fused: with: starphene:
nanotubesi ZCS(k,l,m)i fori k = | = m = 4 (c): The: linei graph ofi thei subdivision: graphi of;
zigzag-edge: coronoid: fused: with: starphene: nanotubesi ZCS(k,[,m)ifori k =l =m =4
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Figure 4: (a) Dominating: derived: networki of; firsti typei D;(2): (b)i Dominating: derived:
networki ofi second; typei D, (4): (c)Dominating: derived: networki ofi thirdi typei D;(n)
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Figure 5: (a) Porphyrin dendrimer (b) Zinc-Porphyrin dendrimer (c) Propyl ether imine
dendrimer (d) polyethelene amido amine dendrimer

Figure 6: (a)Triangular benzoid (b) Benzoid hourglass system (c) Benzoid jagged-rectangle
system
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Theorem 1 Leti Gi denotes: thei linei graph; ofi subdivision: graphi ofi thei hexagonal;
parallelogram, then
SO(G) < (m+n+mn)+2V8m+n+4)+4/13(m+n—2) +
V18(9mn — 2m — 2n — 5)
SO'(G) < Bmn+2m+2n+1)+8m+n+4)+24/13(m+n—2) +
9(9mn — 2m — 2n —5)

Proof. Leti P(m,n);m,n € Z%i bei ai i hexagonali parallelogrami ofi orderi 2(m +n +
mn) and: size(3mn + 2m + 2n + 1) respectively. Leti G = L(S(P(m,n)))i denote: the: linei
graphi ofi subdivisioni graphi ofii P(m,n); m,n € Z* theniclearly,iithei orderi andi sizei ofi Giare;
2(3mn+2m+2n+1)i andi (9mn + 4m + 4n + 5)i respectively.i

Since,i fori any: connected: graph

y(6) <3

Therefore, we have

y(§0(G)) < =m+n+mn (5)

2(m+n+mn)
2

Also,

y(§0'(G)) < =3mn+2m+ 2n+ 1. (6)
Thei edge: seti i ofi Gi cani bei partitioned: into: three: disjointi i setsi €,,, &, 3i andi €3 3,i Where:
e(L(S(P(m,n)))) =&, U &3V &3 .iFurther, |g,l=2(m+n+4), |&g3|= 4(m+
n—2), &3] = 9mn—2m—2n— 5. Suchi that |e(L(S(P(m,n))))| = |ez2]| + le23] +
les3 = 9mn + 4m + 4n + 5. Thus, employing: equationsi (1)-(2)i andi (5)-(6)i we: geti the:
required result.

2(3mn+2m+2n+1)
2

Theorem 2 Leti L(S(G,)): denotesi thei linei graphi ofi subdivision: graphi ofi the:
hexagonali parallelogram, then

2 2 —
S0(6) < X2 4 38(n+ 3) + 6VI3(n — 1) + 3V18 w
S0'(G) < 22*3) 3”(’”3” +12(n+3) +36(n—1) + 27

3n?+n-4

Proof. Leti G,;n € Z%i be a triangulari i benzenoid: ofi orderi n? + 4n + 1i and; size
%n(n + 3)i respectively.i Leti L(S(G,))): denotei thei line: graphi i ofi subdivision: graphi ofi G,

3(3n%+7n+2)

theni clearly,i i thei orderi andi sizei ofi L(S(Gy)))iareiii 3n(n + 3)iand: i respectively.
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Since,i fori anyi connected: graph

y(6) <3

Therefore, we have

n?+4n+1

y(S0(6)) < ==, (7)
Also,
y(s0'(6)) < 22 t)

Thei edge: seti ofi L(S(G,,)))i cani bei partitioned: intoi i threei disjointi setsi €; ,, €, 31 andi &3 3,
WherE‘u S(L(S(Gn)))) = 82’2 U 52'3 U 83’3 . Further,l ISZ,Z = 3(” + 3),i |€2’3| = 6(71 - 1),i

3(3n%+n—4) 3(3n2+7n+2)
less] = ———— Suchi thati |e(L(S(G)))| = |e22] + lezsl +less| = : )

Thus, employingi equationsi (1)-(2): and: (7)-(8): wei geti the: required; result.

Theorem 3 Leti L(S(1))i bei thei line: graphi ofi thei subdivision: graphi ofi zigzag-edge:
coronoid: fused: withi starphenei nanotubes: ZCS(k,l,m)ifori k =1 = m = 4. Then
SO(G) < (18k +26) + 6v/8(k + 1+ m —5) + 12V13(k + 1+ m —7) +
21V18((k + 1 + m) — 39)
SO'(G) <15(k+1l+m+126)+24(k+1l+m—-5)+72(k+1l+m—-7)+
189v18((k + I + m) — 39)

Proof. Leti Ii bei zigzag-edge: coronoid: fused: with; i starphenei nanotubesi ZCS(k, [, m);
fori k =1 =m = 4. ofi orderi i 36k + 54: and: sizei 15(k + [ + m) — 63 respectively.i Let
L(S(I))i bei thei linei graphi ofi the: subdivision: graphi ofi zigzag-edge: coronoid: fused: with
starphenei i nanotubesi ZCS(k, [, m): fori k = | = m = 4.i Theni clearly, the: order: and; size: of;
L(S(D))iareii 30(k +1+m )126)i andi 39(k + [ + m) + 153.i respectively. Since, fori any;
connected: graph

y(G) <

NS

Therefore, we have

36k+54
2

Y(S0(6)) < = (18k + 26). (9)

Also,
30(k+1+m126)

y(S0'(G)) < — = 15(k + 1+ m + 126). (10)
Thei edgei seti i ofi L(S(1)): cani bei partitioned: intoi threei disjointi setsi &, ,, ;31 andi &3 3,i
wherei e(L(S(I))) =&, U &3 U e33 .i Further, |e;,] =6(k+1+m—5), |&g3|=
12(k +1+m—7), |eg3| = 21(k +1+m)—39.i Suchi thati |e(L(S(1)))| = le2| +
leos| +1e33] = 39(k + 1+ m)+ 153. Thus, employing: equationsi (1)-(2)i andi (9)-(10):
wei geti thei requiredi result.
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Theorem 4 Leti D, (n): bei thei dominating: derived: networki ofi 1sti type.i Then
SO(D;(n)) < X242 + 44/8n + VI3(4n — 4) + V20(28n — 16) +
V18(9n? — 13n + 5)
+5(36n?% — 56m + 24) +/32(36n2 — 52n + 20)

SO'(Dy(n)) < XD 4 Bpz 4 2y 2

2 10 25 25

Proof. Leti D;(n): bei thei dominating: derived: networki i ofi 1sti type. Since, fori anyi
connected: graph

y(G) <

NS

Therefore, we have

y(SO(Dy(n))) < 220D, (11)
Also,
y(S0'(Dy(n))) < 222 (12)

Thei edge: seti ofi i D;(n): cani bei partitioned: intoi sixi disjointi Setsi €3 ,,€,3, €24, €33,
g341 andi g44,i wherei e(D1(n)) =&, U &3 U &4 U g3U g4 U g4. Further,
leao] =4n, |egs] = 4n—4,i |egal = 28n—16, |e33]=[ In* —13n +5, |e34] =

36n* —56n + 24i andi |e,4] = 36n%* —52n+ 20. Suchi that |[e(D;(n))| = |ez2| +
leas|  +lezall + lesz]l +  lesal + |eaq].i Thus, employing: equationsi (1)-(2): and
(11)-12: wei geti thei required: result.

Theorem 5 Leti D,(n)i bei thei dominating: derived: network: ofi 2ndi type.i Then
SO(D,(n)) < 222D 4 4/Bn +VI3(18n? — 221 + 6) +V/20(28n — 16) +
5(36n% — 56n + 24)
+/32(36n% — 52n + 20)
S0'(D,(n)) < Z22%2 4 16n + 6(18n% — 22n + 6) + 8(28n — 16) +
12(36n% — 56n + 24)
+16(36n% — 52n + 20)

Proof. Leti D,(n): bei thei dominating: derived: networki i ofi 2nd: type. Since,: fori any;
connected: graph
1444
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y(6) <7

Therefore, we have

y(SO(Dy(n))) < 2222, (13)
Also,
y(SO'(Dy(n))) < H2ED. (14)
Thei edge: seti ofi i D,(n)i cani bei partitioned: intoi five: disjointi setsi €5, €53, €24, €34i andi i
€44 i Wherei e(D;(n)) =&,V &3 U &4 U €34 U g4 . Further, |e,] =4n
leas| = 18n% —22n+ 6, |e,4] = 28n—16,iii |e34 = 36n* —56n+ 24iandi |e,4] =
36n% — 52n + 20.i Suchi that |e(D,(n))| = |ez2] + lezsl + €24l + lezal + l€sali

Thus,: employing: equationsi (1)-(2): andi (13)-(14): wei geti thei required: result.

Theorem 6 Leti D;(n)i bei thei dominating: derived: network: ofi 3rdi type.i Then
SO(Ds(n)) < 222D 4 4/Bn + V20(36n? — 20n) +V/32(72n> — 108n +
44)
50'(Dy(m)) < 222 + 161 + 8(36n2 — 20n) + 16(72n? — 108n + 44)

Proof. Leti D;(n): bei thei dominating: derived: networki i ofi 3rdi type. Since,: fori any;
connected: graph

y(G) <

NS

Therefore, we have

y(SO(Dy(n))) < 220D, (15)
Also,

y(SO'(Dy(n))) < ZEED. (16)
Thei edgei seti ofii D; (n)i cani bei partitioned; intoi three: disjointi setsi &, , &, 4i andi &4 4,i i Where;
e(D3(n)) =¢&2 U €4 U &4 . Further, |eg,] =4n,i |eq] = 36n2—20n: andi
less = 72n% —108n + 44.i Suchi thati |[e(Ds(n))| = lezzl + lezal +  |esal. Thus,

employing: equationsi (1)-(2): andi (15)-(16): wei: geti thei required: result.

Theorem 7 Leti D, P, bei thei prophyrini dendrimer.i Then
SO(D,P,) < (48n — 5) + 2v/10n + 24V17n + V8(10n — 5) + V13(48n —
6) + 13V18n + 40n
SO0'(D,P,) < (48n —5) +315n + 4(10n — 5) + 6(48n — 6)
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Proof. Leti D,,B,i bei thei prophyrini dendrimer: ofii orderi 96n — 10i andi sizei 105n — 11:
respectively. Since, fori any: connected; graph

v(6) <3

Therefore, we have

96n—10

y(SO(DnPy) < ——— = (48n - 5). (17)
Also,
y(SO'(DyPy) < X2 = (48n - 5). (18)
Theii edgei seti ofi D, B,i cani be: partitioned: intoi sixi disjointi Setsi €13, €14, €22, €23, €33iandi
€34, Wherei e(D,P,) =€13 UgaU &, U &3 U e33 U g34. Further, |g 3] =2n,
lera]l = 24m,ii el =10n =5, |&3] = 48n —6,i |e33] = 13ni andi |e34] = 8n.i
Suchi i that |e(DpB)| = lewsl + leral +le22l +lezsl + lezz + lesal =

105n — 11.i Thus, employingi equationsi (1)-(2): and: (17)-(18): we: geti thei required: result.

Theorem 8 Leti DPZ,,i bei thei Zinc-Porphyrini dendrimer.: Then

SO(DPZ,) < (48n — 5) + 168 - 2" + V13(40 - 2" — 16) + V18(8 - 2" —
16) + 20
SO'(DPZ,) < (48n — 5) + 64 - 2" + 6(40 - 2" — 16) + 9(8 - 2" — 16) + 48

Proof. Leti DPZ,: bei thei Zinc-Porphyrini dendrimer.i ofi i orderi 96n — 10: and: size:
105n — 11i respectively. i Since,i fori any: connected: graph

(G <3

Therefore, we have

96n—-10

y(SO(DPZy) < —— = (48n = 5). (19)
Also,

y(S0'(DPZ,) < X222 = (48n - 5). (20)
Thei i edgei seti ofi DPZ,,i cani bei partitioned; intoi four: disjointi setsi €, ,, €53, €33iiandi €3 4,i
wherei e(DPZ,) =&, U &3 U €33 U g34. Further,ii [e5,] =16-2" -4, |g53] =
40 - 2" —16 legz3 =8-2"—16 andi i lesal = 4 . Suchi that
|e(DPZ,)| = |ez2l[ + lezzl +leszl[ +[lezal = 105n—11 . Thus, withi thisi

background: by: i employingi equationsi (1)-(2): andi (19)-(20),: wei geti thei required; results.

Theorem 9 Fori thes PAMAM: dendrimersi PD;,i wei have
SO(PD;) < 22 + 375 - 27 + VT0(6 - 2" — 3) +VB(18 - 2" — 9) +
V13(21-2" —12)
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S0'(PD;) < XX 4 62" +3(6- 2" — 3) + 4(18- 2" — 9) + 6(21 - 2" —
12)

Proof. Leti PD,i denotei PAMAM:; dendrimers: with; tri-functionali i corei uniti generated;
byi G, withi ni growth stages. Since,i fori any: connected: graph

r(6) <3

Therefore, we have

y(SO(PDy)) < 2222, (21)
Also,
y(S0'(PD;) < 2222,

(22)
Thei edgei seti ofi PD;i cani bei partltionedi intoi four: disjointi setsi €15, €13, & 2i andi & 3,
wherei e(PD;) =€, Ueg13 U &, U g3.i Further,i [e;,] =3 - 2", g3 = 6 - 2" —
3, |2 =18.2" =9 andi [ey3] = 21 - 2™ —12 . Suchi thati |e(PDy)| = |&,| +
lers] +1e22] + |ez3 . Thus, withi thisi background: by: employing: equationsi (1)-(1)i and:
(21)-(22),i wei geti the: requiredi results.

Theorem 10 Fori: thes PAMAM:;: dendrimers: PD,,; wei have

SO(PD;) <2222 4 445 - 2" + VIO(8 - 2" — 4) +VB(24 - 2" — 11) +
V13(28 - 2" — 14)

S0'(PD,) < 2222

+8-2"+3(8-2" —

4) + 4(24 - 2" — 11) + 6(28 - 2" —
14)

Proof. Leti PD,i denotei PAMAM:;: dendrimers: withi differenti i corei uniti generated by
dendrimerii G,i wi

i Withi i mi growthi stages. Since,i fori any: connected: graph
y(6) <7

Therefore, we have

y(SO(PD,)) < 222 (23)
Also,
y(50'(PD,) <2222 (24)
Thei edge: seti ofi PD,i cani bei partltlonedi intoi four: disjointi setsi i €15, €13,&,i andi &;3,
wherei e(PD,) =¢€1,U €3 Ug,U ga.iFurther, |e;,] =4- 2% |e3l= 8 - 2" —
4, i lega| =24 2" =110 andi |e,3] = 28.2"™ —14. Suchi thati |e(PDy)| = |ez| +
le22| + |ez3 .i Thus, withi thisi i background: by: employing: equationsi (1)-(2)i andi (23)-(24),i
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wei geti thei required; results.

Theorem 11 Fori: thes PAMAM: dendrimers: DS, ,i wei have
SO(DS;) < 222 4 4V17 - 37 + VB(10 - 3" — 10) +V20(4 - 3" — 4)
SO'(DSy) < HZ 4 16V17 - 3™ + 4(10 - 3" — 10) + 8(4 - 3" — 4)

Proof. Leti DS;i denotei PAMAM: dendrimers: with: differenti i core: uniti generated: by
dendrimerii G, withii ni growthi stages. Since, fori any: connected: graphi

y(6) <3

Therefore, we have

0(DS1)

y(S0(DSy) < 22 25)
Also,
y(s0'(DS;) < 222 (26)

Thei edgei seti ofi DS;i cani bei partitioned: intoi threei disjointi Setsi i €; 4, €5 51 andi €5 4,i Where:

e(DS)) =€14 U &, U &, Further |egq] =4.3", |g,|= 10 - 3" =10, and
lezal = 4 -3™—4. Suchi i thati |e(DS;) = |erq] + |€22] + €24 Thus, employing;
equationsi (1)-(2)i andi (25)-(26): wei geti thei required result.

Theorem 12 Fori ai linear: polyominoi chaini L, wei have
SO(Ly) < 222 + 2V8 + 4V13 + VI8(3n — 5)
SO'(Ly) < 22 +9(3n - 5) + 32

Proof. Leti L, bei thei polyominoi chaini withi nii squaresi wherei [; = niandim = 1.
i Since,i fori any: connected: graph

v(6) <3

Therefore, we have

y(SO(Ly)) < 2. (27)
Also,
y(SO'(Ly) < 22, (28)
Thei edgei seti ofi L,,i cani bei partitioned: intoi three: disjointi setsi €, ,, €, 3i andi €3 3,i Where:
e(Ly) =& U &3 U &gz Further,i i [e5,] =2, |ez3] = 4, andi |e33] = 3n—15.
Suchi thati |e(L,)| = |ez2| + |ez23|[ +less|.i Thus, employing: equations: (1)-(2)i andi
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(27)-(28): wei geti thei required; results.

Theorem 13 Leti Z,,i bei zigzag: polyominoi chaini with: ni squares: suchi thati [; = 2i and;
m= n-—1.iThen

S0(Zy) < 222 + 2V20(m — 1) +V32(3n — 2m — 5) + 10 + 2VB + 4V13
S0'(Zy) < 222 4+ 16(m — 1) + 16(3n — 2m — 5) + 32

Proof. Leti Z,,i bei zigzagi polyominoi chaini withi ni squares: such: thati [; = 2i and;

m = n— 1. Polyomino: chaini consists ofi ai sequence: ofi segmentsi Sy, Sy, ... oo oo... Sy @ndi
I(S) =|[Lliwhereem >[ Liandii € {1,2, ---, m}.iSince, foriany: connected: graph
y(6) <7

Therefore, we have

y(S0(Z,)) < 22, (29)
Also,
y(S0'(Z,) < 222 (30)
Thei edge: seti i ofi Z,,i cani bei partitioned: into: five: disjointi Setsi €, 5, €3 3,i €24,i1 €341 ANAi €4 4,
wherei &(Z,) =&, U &3 U &4 UeUegq, i Furtheri |e,| =2, |e3] = 4,
lezal = 2(m—1), |esq|l = 21 andi |egq|[= 3n—2m—5. Suchi that |e(Z,)| =
le22l + leazl +le2al + lezall + |essl .« Thus, employing: equationsi (1)-(2)i andi
(29)-(30): wei geti thei required; result.

Theorem 14 Fori thei polyominoi chaini withi ni squares: andi ofi mi segmentsi S;i andi S,i
satisfyingi [;, = 2iandi , = n—1, B}(n =[ 3)iwe have the following:

1

S0(B}) < 2E2 + VT8(3n — 10) + 2v8 + 5vI3 + V20 + 15
1

S0'(B}) < 22 4 9(3n — 10) + 82

Proof. Leti B (n = 3)i bei thei polyominoi i chaini withi ni squaresi and: mi segmentsi Sy i
andi S, satisfyingi [, = 2iandi [, = n — 1. Since,: fori any: connected: graph:

y(6) <3

Therefore, we have

y(S0(BY) < 22 (31)
Also,
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y(S0'(BY) < 2C2. (32)
Thei edgei seti ofi By(n = 3)i cani bei partitioned: intoi five: disjointi setsii €55, €33, €54, €33
andi &34 i wherei e(Bi(n = 3)) =&, U &3 U &, U &3 U e, . Further,
le22]l =2, |ea3l = 5, |legal =[ 1, |ezz| = 3n—10: andi |e34] = 3. Suchi thati
le(Bi(n = 3))| = |eza] + le23] + 124 + le3z| + |€34].i Thus,i i withi thisi background:
by: employingi equationsi (1)-(2)i i andi (31)-(32),i wei geti thei required; results.

Theorem 15 Fori thei polyominoi chaini withi ni squares: and: ofi mi: segments:
Si,[ Sy, =+ spsatisfyingi l; = L, =2andi [, l5,>+, = 3, Bi(n= 4)
wei havei the: following:
2
S0(BZ) < 222 4 V18(3n — 6m + 3) + 5(4m — 6) + 2VI3m + 2V8 + 2V20

2
S0'(BZ) < X2 + 9(3n — 6m + 3) + 12(4m — 6) + 12m + 24

Proof. Lett BZ(n = 4): bei thei polyominoi i chaini withi ni squares andi mi segmentsi mi

i segmentsi Sy,S,, -+ Sy satisfyingi l;, = l,= 2 and [, I3, -+, = [ 3. Since, for
anyi connected; graph
y(6) <3

Therefore, we have

y(s0(B2)) < 222, (33)
Also,

y(s0'(B2) < 242, (34)
Thei edgei setiofi Bi(n = 4)i cani bei partitioned; intoi five: disjoint setsi &35, £2.3,i €244 €33
andi i €54, wherei e(Bi(n = 4))[ =&, Uégs Ulegal U[ €33 U e, . Further,
le22l =2, |zl = 2m i |egq] = 2, |ez3]| = that le(Bi(n = 3))| = le22]  +

le2s|[ +lezall +I[ lezzl + le34l.i Thus,iemploying: equationsi (1)-(2)i andi (33)-(34)i wei geti

thei required result.

Theorem 16 Leti T, bei ai triangular: benzenoidi wherei pi shows: thei number; ofi

hexagons in: the: base: graph: and; totali number: ofi hexagonsi ini T is p(p2+1).i Then
s0(,) < 22 1 6VT3(p — 1) + VBLL™) + 6V8
SO'(T,) < =2+ 36(p — 1) + 222

0(Tp)
2

Proof. Leti T,i bei ai triangular: benzenoid: wherei pi i shows: thei number: ofi hexagonsi ini
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2@*1) Since, for: any: connected: graph

thei basei  graphi andi totali number: ofi hexagonsi ini T, is: >

v(6) <3

Therefore, we have

O(Tp)

Y(SO(Tp)) < (35)

Also,

y(SO'(T,) < 2. (36)
Thei edgei seti ofi i Ty, cani be. partitioned: into: threei disjointi i setsi €, ,, £, 31 andi &5 3i wherei

e(Ty) =é&32] U gz U &35 Further,i |e;2|[= 6., |&3]l=[ 6(p—1)i andi |e33| =
w.i Suchi thati i [e(T,)| = |ez2] + lez3] +  lessl.i Thus,i employing: equations

(1)-(2)i andi (35)-(36): wei geti thei required: result.

Theorem 17 Leti X, bei ai benzenoid: hourglass.i Then
SO(X,) < 252 + 4VT3(3p — 4) +VIB(3p® — 3p + 4) + 8B
S0(Xy,) < +24(3p—4) +9(3p* —3p+4) +32

O(Xp)

Proof. Leti X,,i bei ai benzenoid: hourglass. i Since,: for: any: connected: graph
() <3

Therefore, we have

O(Xp)

Y(SO0(Xp)) < (37)

Also,
O(Xp)

y(S0'(Xy) < (38)
Thei edgei i seti ofi X, cani be partltlonedi intoi three: i disjointi setsi &;,, &;3iandi €5 3iii Where;
eXp) =&, U 82,3[ U[ &3 .i Further, |e;,|[rgb]1.00,1.00,1.00i =[ 8, [e3]=
4(3p —4)i and |e33] = 3p*—3p+4. Suchi thati ; le(Xp)l = lez2l +  leasllr +
|e3,3|.i Thus,i withi thisi background: by: employingi i equationsi (1)-(2)i andi (37)-(38),i wei geti the:
required: results.

Theorem 18 Leti B, ;i bei denote: ai jagged: rectangle: benzenoid: system fori alli p, ¢ €
[ N—1.Then
SO(Byq) < 2L +\/8(2q + 4) + VI3(4p + 4q — 4) + VI8(6pq +p — 5q —

4)
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+4(2q+4)+6(4p+49—4)+9(6pg+p—5q—4)

O0(Bp,q)
2

SO'(Bpq) <

Proof. Leti B, ;i bei denote: ai jaggedi rectangle: benzenoidi systemi forialli p, ¢ € N — 1.
i i Since,i fori any: connected: graphi
y(6) <3

Therefore, we have

0(Bp,g)
Y(SO(Byq)) < =22 (39)

Also,

Y(S0'(B,q) < 2o, (40)

i Thei edgei seti ofi By, ;i cani bei partitioned i intoi threei disjointi setsi &, ,, &, 3i andi &3 31 wheres

S(Bp,q) = 82,2 U 82’3 U 83'3 . Further,l |€2'2| = 2q +4‘,i |€2’3| = 4p +4q —4‘i and. i
lesz| = 6pg +p —5q —4.iSuchithatii [e(Byg)|l = lez2] + lez3] +  |ezs]i Thus,
employing: equationsi (1)-(2): andi (39)-(40): wei geti thei required: result.

Conclusion: Ini thisi paper: wei havei initiated: thei study: ofi new: topologicali indices: andi
they: arei called: invariants: ofi Sombori index.: Thei correlation: ofi Sombor: index: with: other: its:
variantsi: shows: thati thesei Sombor: type: invariants: havei equali potentiali likei Sombor: index.;
Finally, wei have: obtained: bounds: forthe: seti ofi nanostructures: asi well asi dendrimersi ini terms;
ofi domination: numberi andi Sombor: index.
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