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1Introduction

Fractional calculus is a popular field that aims to
realize real-life phenomena using non-integer
derivative models. In this field, non-integer series
derivatives are used for differentiation and
integration. The sequence is a derivative that meets
the following additional criteria rather than being
based on integers: The prime function is what we
have when the order of the derivative is zero, and
the first-order integer sequence derivative is what
we have when the sequence is one [19]. Fractional
derivatives have a memory impact and conserved
physical properties [3], [7]. The theory of
fractional calculus and its illustrative applications
in this context are continuously growing in
popularity on a worldwide level [14]. In order to
simulate real-world issues, a large number of
unique fractional operators have been created with
various properties [8].Recently, there has been a
rise in the demand for developing models for
dynamical systems based on fractional-order
differential equations [2]. The fractional order
derivative is defined by a number of methods. The
initial conditions for Caputo fractional differential
equations are expressed similarly to how they are
for integer-order differential equations, and the
Caputo definition is more comprehensive [15],
[16]. The main reason is that fractional-order
differential equations are closely related to fractals
and naturally related to memory-based systems,
which are present in the majority of biological
systems [6]. Studies on the stability of fractional-
order predator-prey systems are still in their
infancy because there are few theories available for
examining their dynamics [4], [17]. In this study,
we investigated the following fractional-order
prey-predator model that incorporates a prey
refuge and a Holling type Il functional response:
Numerous researchers have examined the dynamic
behaviour of the typical predator-prey system

2 Model Formulation
The nonlinear differential equation is
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below, which includes a prey refuge [1], [12]. In
biology and ecology, a refuge is a place where an
organism gets refuge from predators by hiding in a
place that is distant, difficult to locate, or otherwise
unfavourable to predators [9]. When refuges are
present, populations of both predators and prey are
much greater due to population dynamics, and an
area can support a significant number of additional
species [10]. It is obvious that the presence of prey
refuges can have a significant impact on the
coexistence of predators and their prey. If the
proportion of prey in a refuge reduces as prey
biomass rises, refuges have a stabilising effect [5],
[13]. This is valid when there are a fixed number
of prey refuges in the system, but the proportion of
prey in refuges also rises when predator biomass
and predation rates grow [6], [11]. Numerous
authors have researched the issue of predator-prey
interactions in the presence of a prey refuge [18].
This study’s goal is to examine the dynamics of the
proposed fractional-order eco-epidemiological
system and demonstrate the global stability
analysis of all biologically possible equilibrium
points. In this paper, solutions to the proposed
fractional-order eco-epidemiological system, in
which prey are infected by a disease, are
investigated for existence, uniqueness, non-
negativity, and boundness.

The paper is followed as: A mathematical model
has been formulated in the section 2. The
Preliminary dynamics of the fractional order
dynamical system have been studied in section 3.
The Uniqueness and boundedness of the solution
of the proposed model have been studied in section
4.In section 5 stability analysis of the proposed
model have been examined. In section 6 numerical
simulations are examined for the proposed model.
In section 7 we give some main outcomes of our
work.

dL L+ M a1 LN

= = pL- — AML — .

i " 2 bi(1— g)MN

dM , o1 (1 —g)MN

dT i a + (1—g)M

ﬂ N+ chbi (1 — Q)AH\_ cap LN ‘

dT a1+(l—g)]‘J ay+ L (2.1)

and the positive conditions are described as
L(0)=Lo>0,M(0) = My> 0,N(0) = No=> 0.
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Parameters Environmental representation Units

r Prey growth rate per day ()

L Susceptible Prey number per unit area (tons)
M Infected Prey number per unit area (tons)
N Predator number per unit area (tons)
K Carrying capacity of environment number per unit area (tons)
a Constant of Half-saturation m

{1 Predation rate of Susceptible prey per day (1)

bl Predation rate of Infected prey per day (1)

c Predator-to-prey conversion rate. 0<C<l1

di Death rate of infected prey per day (1)

d> Death rate of Predator population per day ()

A Infection rate per day (1)

g Refuge constant of Prey m—1

It is convenient to scale variables to minimize the amount of the system (2.1) parameters as

L M n
l=—=m=—mn=— . . . . . .
K"TK"TK and to consider dimensionless time ¢ = AKT. Transformation leads to dimen-
sional equations
Il oln
é = sil(1—1—m)—1Im— SZQ:Z,
dm s5(1 — g)mn
— = —sym+ml - ———|
dt s34+ (1 —g)m
dn — _san4 cs5(1—g)mn  csaln -
dt ss+(1—g)m  s3+1 (2.2)
subject to the positive conditions /(0) = lo> 0, m(0) = mo> 0, n(0) = no> 0. The fractional system is
d®l i1 -1 )1 saln
= s —l—m)—1Ilm— ,
ddt” 1 s3+1
1“m s5(1 —g)mn
me_ —sq4m + ml — m
dt s3+ (1 —g)m
de > S5 _ ,
— _sgnat css(1—g)mn  esaln '
dte ss+(1—gm  s3+1 (2.3)

subject to the positive conditions /(0) = /o> 0, m(0) = mo> 0, n(0) = no> 0.

3 Preliminaries
In this section, we provide basic definitions, significant results, and characteristics of fractional differential
equations that are useful in the proof of theorems.

DEFINITION 3.1 The Caputo fractional derivative of order « is defined as
. 1 ¢ :
C o g _ e\ s

D f(t) = - fo (t—s)"*f (s)ds

—a)
where ¢ > 0, f € C"([0,+0),R) and I" is a Gamma function.

LEMMA 3.1 Consider a system of fractional order caputo derivatives
Dix(t) = fiLx(B)t > 0,(0) = 0 , a € (0,1],

where f: (0,00)xQ — R". If f{t,x(?)) satisfies the locally Lipschitz condition with respect to x, then the equation
on (0,00) x  has a unique solution.

THEOREM 3.1 Consider the N-dimensional fractional differential equation system

Where A4 is the arbitrary constant N * N is the matrix and o € (0,1).
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(i) The solution x = 0 is asymptotically stable if and only if all eigenvalues 4;j = 1,2,3,...N of 4 satisfies

larg()| > =
i am

(ii) The solution x = 0 is stable if and only if all the eigenvalues with larg(A)l = "2 have same geometric

multiplicity and algebraic multiplicity. THEOREM 3.2 Consider the fractional-order system

d(.! T

T — faya(0) = 2o

with x € R"and a € (0,1).The above system’s equilibrium points are the solutions to the equation f{x) = 0. If
o7

larg(Aj)] > —=

all of the eigenvalues of the Jacobian matrix J = s%evaluated at equilibrium satisfy 2, then the

equilibrium point is considered to be locally asymptotically stable.

4 Uniqueness of Solutions

In this section,the boundedness of the system (2.3) solution has been examined. The system of fractional orders
is as follows:

d°X(t)

o = ftX(@), a€(0 1]_

Theorem 1 For the non-negative initial conditions, the fractional order system (2.3) has an unique solution.
Proof. A sufficient condition of system (2.3) in the region y x (0,7] where y = (L,M,N) € R*: max(|L|,|M|,|N]) <
n. Now, let us define a mapping V(X) = (Vi(X), V2(X), V3(X)) where
s9ln

Vi(X)=sl(1-1—m)—1lm— ,

(X)) = sil( m) —lm o

s5(1 — g)mn
s34+ (1 —g)m’
cs5(1—g)mn  csaln
Vi(X) = —sgn +

8(X) 6 ss+(1—g)m s3+1
VX)) = VX[ = i (X) = Vi(X)] + V(X)) = Va(X)| + V(X)) — V(X))

>

Vo(X) = ml — sym —

saln = = _ -_ Sgiﬁ

=|s1l(1—=1—m)—Ilm— —— —sl(1—1—n I — -

|s11( m) — lm P s1l( m) + lm o ll

s5(1 — g)mn _ N s5(1 — m)mn

+ |l — sqgm — =2l 4 sy

[ S4ML sat (1—g)m ml + sgm s+ d—gm

) css(1l — g)mn esaln ] cs5(1 — g)mn csalin
+1 = sen + s+ (1—g)ym  s3+1 + sgn s34+ (1 — g)m | sg 1
=511 =0 —s1(I+ D =1) —s1l(m —m) +sym(l — 1) — I(m —m) +m(l —1)
so53l(n — 7)) sonsz(l —1) sall(n — i)

T st D0s D st Dss+ D (st Diss + 1)

_ s5(1 — (m —m s5(1 — g)m —n
+ |l(m —m) +m(l —1) — sq4(m —m) — 5. gn(m —m) | ss( g)m(n —n)

s3+ (1 —g)m s3+ (1 — g)m

+ csalsz(n —n) csonsz(l —1) esolszll(n — i)

(53 -+ l)(b’;:, -+ i) (53 -+ l)(-:s‘:; “+ [) (-S;_J, -+ [)(b’;; + D

ess(l—g)n(m —m)  css(1 —g)m(n—n) se(n — )|

s34+ (1 —g)m s34+ (1 —g)m
— - _ B 527183

=[l—=1495 —sil —s1l+sm  + —

| | {91 51 s1l + sym + m + (53_'_[)(53_'_”}

+|m — | {_51[ e s5(1 —g)n cs5(1 —g)n }

s3+(1—g)m s3+(1—g)m

+ln—al { —sals3 _ sall s5(1 — g)m csalsy
(s3+D(s3+10)  (ss+D(ss+1) ss+(1—g)m  (s3+0(s3+1)
esall css(1 — g)m .
(s3+1)(s3+1) Sng(lfg)m,_bi}

< |0 —=1]{s1 + 2s1x + s1x + x + (s253 + csas3)n}

+ |m — | {s1x + s4a+ [s5(1 —g)n + ess5(L — g)n]x}
+ |n — n| {(s283 + cs2s3)x + (52 + es2)x + [s5(1 — g) + es5(1 — g)]x + s6}

<M|X - X|
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Where,
(14 c)sas3n
V=mazrq{s1+2s1n+ 2+ s1)n+ —"-5—
{ 1 1M+ ( 1)1 (52 + 172
(14 ¢)saszn (14 ¢)saszn?
: 1+ ¢)s5m + 56
(83 4+ 1n)? (53 + 1) + (1 + ¢)ssn + sg
Thus V(X) satisfies the Lipschitz condition.
So, the solution of system (2.3) exist and has unique.

y (514 85+ cs5)n + s4

4.1 Boundedness of solutions

Theorem 2 All of the system (2.3) solutions beginning atR;Jar are positive and bounded.
Proof. Let I(£),m(f),n(f) be any solution of the system with positive initial conditions.
— < sl(1—1

G Esi-0

we have limsup,— () < 1.

Defining a function
W(t) = I(t) + m(¢) + n(?).
Taking the Caputo time derivative of I and adding it to the system’s solutions gives
dw (1 —¢)ssln vl — sym — (1 —c)ss5(1—g)mn

— =510(1—=1)—(1+s1)lm —
dt s1l( )~ (L4 s1)im s3+1 s3+ (1 —g)m

SeN
< s10(1 — 1) — s4m — sgn(sincec < 1)

51
< 1 S4m — Sgn.

maxsil(1 —1) = 1_1 < Li — AW

Since where y=min {s4,5¢}
So, we have

a7 4.
Using the theorem of differential inequality, we obtain at
s ,
0<W < 4—1(1 —exp™ ") + W (lp. mo, ng)exp™ "
~

S1
0< W< —.
4y

For t — o, we have

. . + . .
As aresult, all solutions of the system starting atf®3 are bounded in the region for any € > 0.

Q= (L M,N)eRS L+ M+N<—+e
4y :

5 Equilibrium Points and Stability analysis
(i) The trivial equilibrium point is E¢(0,0,0).
(i1) The infected prey and predator-free equilibrium point is £1(1,0,0).
[_ 8356 . szc((es2 — s¢)(s1) — 535156)
(iii) The infected-free equilibrium point Ex( £,0,n) where €52 — S6 and (cs2 — s6)?
[ = 84,1 = ‘;1(1——‘;1)
(iv) The Predator-free equilibrium point E3(,m,” 0) where s1+1
%) The interior equilibrium point E*(L*, M*,N*) where
. s3(s3s6 + (86 — cs2) ) i ssc( —sq)(ss+ )
(1 — g)(csal* + (cs5 — s6)(s3+1*)) (1 — g)(esal* + (cs5 — s6) (83 + 1%)) /1« [% [%
and /*is a unique positive root of a quadratic equation PS?+ QS + R = 0, with
P = s1(1—g)(csatess—ss), O = (1—g)(css5—se)(—s1t5351)Fs20(—51) ) +53(s6H(s6—Cs2)s1), R = —s3((1 — g)(s1)(cS5— S6)
+ (cs2(s4) — s356(1 + 51))).
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5.1Stability Analysis
In order to analyse local stability around various equilibrium points we compute the Jacobian matrix.At each
given point (L,M,N), the Jacobian matrix is given by

npip N2 N3
J(L,M,N)=| ng; ngy nog

niz1 ng2 N33

where
$953M . sol
nip = s1(1—=20) —m(s1+1) — ———.n1o = —I(s1 + 1), n13 = —displaystyle
11 = s1( ) —m(s1+1) a1 2 ™2 (s14+1),m13 playstyle —=—
] 5385(1 — g)n s5(1 —g)m
N21 =M,N22 =1 — 54 — 5,123 = — »
(s3+ (1 —g)m)? (s3+ (1 —g)m)
z ssesan_ sgess(1 —g)n cs5(1 — g)m sacl
N3y = ———5,N32 = ;N33 = —Sg
3l (s3+1)? 32 (s3+ (1 —g)m)? 3 0T s+ (1— gm sz +1 ’
Theorem 3 Ey(0,0,0) is the trivial equilibrium point which is unstable.
Proof. The Jacobian matrix at an equilibrium point Eyis given by
51 U 0
J(E)=| 0 —s4 0
0 0 —8g
The characteristic equation that represents the Jacobian matrix J at the point £(0,0,0) is
(A—s)(A2+ s4)(A3+56) =0
The eigenvalues at E(Q, 0,0) are A;=—s4,A2=51,A3=—s¢.
larg(\)] = 0 < 5X Jarg(Ag)| = 7 > % and |arg(Ag)| = 7 > 2.
us, : o2 2 2

Therefore, £o(0,0,0) is unstable. i

Theorem 4 The infected free and predator free equilibrium point £1(1,0,0) is stable if cs> < s¢and 1 < s4.
Proof. The Jacobian matrix at an equilibrium point J(£) is given by

—s1 —(s1+1) - izl
J(Ey) = 0 1— sy 0
0 0 —se+ S:‘fl

The characteristic equation of the above Jacobian matrix is

(1 = (=) = (1= 5))(As = (=56 + =)
Al = —s1,A0 = (1 — 84),A3 = (—s6 + 3:2:1).
Here
Thus IO =0< T larga)l = 7> 55 larg)l =7 > 5
Eis stable if cs: < ssand 1 < s4. i

Theorem 5 The infected-free equilibrium point E»( ,0,n ) is locally asymptotically stable if P,R,PO— R are
positive.
Proof. The Jacobian matrix at an equilibrium point J(E>) is given by

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146 4139
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U1l w12 Uu1s
JE)=| 0 wuw 0

uUsz1 uU3z2 0

where
2535156 s3(1 + s1)s6 S6
U] =8 — —————,U|pg = ———————————, U3 = ——
(cs5 — s6) c85 — S¢
8356 1—g)ssn
ugt = 0,ugp = =84 — ——— ( X )ss suzz =0,
252 — 56 53
2. .
cs82 — 86)°N c(l —g)ssn
Uzl = g uz2 = Q,Uu = 0.
S3C592 53

The characteristic equation for J(E2) is
P+ PP+ Q0L+R=0,

where
P =—ull —u22,
Q =—u31ul3 +u22ull, R =ul3u22u31.

According to the Routh-Hurwitz criteria, if and only if P, R, and PO—R are all positive, then all of the roots of
the characteristic equation have negative real parts.

QT T

7T
larg(A1)] =0 < 7s\a79()\2)| =T> andlmg()\g)‘ =T>

Thus,
The infecte-free equilibrium point E- is locally asymptotically stable. i

Theorem 6 The predator-free equilibrium point £3(/,m,” 0) is locally asymptotically stable if s¢ > c(s2+ s5).
Proof. The Jacobian matrix at an equilibrium point E3is given by

U1l U112 u13

J(E3) = uor 0 uog
0 0 usg
where )
(-1 - sl !
U1y = —8481,u12 = (=1 — s1),u13 = — -
11 481, U12 1)l u13 ot
_ (1—g)szm
Uy = Myuey = 0, u03 = ——————
21 s U22 ; U23 st (l—g)m
csol c(1—g)ssm
uzl = 0,a30 = 0, ugg = - — 5 _
o 32 3 s3+1 6 s+ (1—g)m

The characteristic equation corresponding to J(E3) is
B+P+Q0L+R=0.

where
P =—yll —u33,
Q =—u21ul2 +u33ull, R =ul2u21u33.

According to the Routh-Hurwitz criteria, if and only if P, R, and PO—R are all positive, then all of the roots of
the characteristic equation have negative real parts.
Therefore, the predator-free equilibrium point E3is locally asymptotically stable.

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146 4140
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Theorem 7 The interior equilibrium point £*is locally asymptotically stable.

Proof.
ni; niz niz
J(E*)=| n21 n2 nz
31 M3z N33
where
—l*(—é’l+S3.S‘1+(1+81)7IL*+281£*) —Sgl*
ni = Jne = —(s51 + DI*, ni3 = =
11 il ;12 = —(s1+ 1)0%, na3 p—
. s355(1 — g)?m*n* —(1—g)ssm*
nop = m*,ngg = = Mgy = —————
21 e (83 4+ (1 —g)m*)?’ 2 sz + (1 —g)ym*
83¢89m* sgc(l — g)ssn® 0
ngp = ———5,N32 = N33 =
(s34 1*)? (83 4+ (1 —g)m*)? )
where

P=-nll—n22,0=-n21nl12 +n22n11 — n13n31 + n23n32,
R=n13(—n22n31 + n21n32) + n23(n12n31 — nl11n32)

The characteristic equation is given by

B+ PP+ OL+R=0

According to Routh-Hurwitz criterion, P,R and PQ — R must all be positive, the characteristic of all the roots
be negative.

Hence, E*is hence locally asymptotically stable.

6 Global Stability Analysis
THEOREM 6.1 The equilibrium point £ is globally asymptotically stable when 1 < s4 and s¢(s3+/) <
CS?.
Proof. Consider a Lyapunov function
1
V(l,m,n)=[l—1—Inl]+m+ (—) n
C
Applying the caputo fractional derivative, we obtain

“DeV(I,m,n) < (l_ll) “D{+ CDim o+ %CD?n

som

S3 + {
css(1 — g)mn (:3217?.]

s+ (1—g)m  s3+1

:(l—l)[sl(l—l—m)—m_ M]

+ {Im — sym —
} [ ! s34+ (1 —g)m

al
+—|—sn+
c

gsl(l1)2(91m(£1)+m(154)+n(36 52 )
¢ s3+1

Thus,1 < ssand se(s3+ 1) < cs2.
Therefore, £ is globally asymptotically stable. O
THEOREM 6.2 The infected prey equilibrium point £> is globally asymptotically stable

s4 (14 s1)s5cs2 — e8581)
81’ 8551 andt < 53

. [ < min

if

Proof. Define a Lyapunov function
V(l,m,n) = [l ~i- fln;] +m+ [1] [ﬂ —n—nln—

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146 4141
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Applying the caputo fractional derivative, we obtain

-1 . 1
“D{V(I,m,n) < [T:| “D¢l+“Dfm + [—] [
C

n—nmn

] CDE“n

Som

[ s5(1 — g)mn
=0 st -t =m) = m— Bll-gm],,

+ |lm — s4m —
] [ ! s3+ (1—g)m

s3+1

fa—

+

LY P css(1—g)m csal
c ' O s+ (l—g)m | ss+l

<_ (1 B %) (5_5)2 B (:_T —C) (14 s1)m — ((1 + 51)85 B (33—0-5(:35)) mn

53 S1 85953 S3+m

. _ {54 ((1 + s1)s53C89 — €5581) }

I < min<—,

Hence, 51 €8551 Therefore, the infected prey equilibrium point £3is globally
asymptotically stable. O

THEOREM 6.3 The predator free equilibrium point £3 is globally asymptotically stable if s¢ > cs5+
csal N (1 + s1)csas5m

53 5183

Proof. Define a Lyapunov function
] , .
V(l,m,n) = [5 -1 - lln?-] -+ {m —m — mln—fi]] + -n

m C

Applying the caputo fractional derivative, we obtain

L1 m— i 1
CD?V(I.‘TT?,.TL) < (_> D + (m m) ¢ pay + L pay,
c

[ m
521 _ s5(1—g)n
=l-0)|s11=1—m)—m — n—m) |l —sq—
( ) [.s]( m) —m 5+ l] + (m —m) { 84 st (d—gm
1 cs5(1 — g): csaln
41 [—Sﬁn _css(1—g)mn 4 o5 n}
¢ s3+m s3+1

sl | ss(l-g)m
< 5_6 ¢ (Sg+1‘. + s3+m 1

n
C S6

Hence. B
csol N (1 + s1)csassm

S¢ > CS5 +
5 s

Therefore, E3is globally asymptotically stable.

THEOREM 6.4 The interior equilibrium point E* is globally asymptotically stable if csas5 > cs5 and
sgn® N (1+ s1)s4m* sy Sgs183 — (1+ 31)3533-m.*}

<I"<mingm*+sm"—1,—
C59 51 51 5183
Proof Consider a positive Lyapunov function

Vy = [l — " — l*ln[—'*] + [m —m* —m*in

m

| +=[n=n =]

m*

Applying the caputo fractional derivative, we obtain

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146 4142
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m—m*] 1 (n—n*)
P +_
m c *

L—1*\ ¢ o
< l Dl +

Section A-Research Paper

. Som 1+ 51 N s5(1 —g)n
(=1 [s1(1=l—m)—m— m— | —gq— 279N
( ) [51( m)—m poay l] + . (m —m™) [ 84 st (= gm
1 N cs5(1 — g)m csal
* (:(n n) [ 6T s+ (L—gm  s3+1

s s5(1 — -
< —((T+s)m"—(1+1")— (5—4—1*) (1+s1)m — (35— css( g)) mn
51 83+

_ (S_G_E_M)n_ (,;*_
CS59 S3 51853

CcS

C85

Obviously, csa > and

S5
(1+ s1)sq4m™

+

82 51

sen”

we conclude that £*is globally asymptotically stable.

7 Numerical Analysis

In this section, we present some numerical
simulation results for Caputo-sense fractional-
order ecoepidemic models. To accomplish this, we
use Diethelm et al.’s predictor-corrector approach
to solve the defined model. Since there are no field
data available, the simulations are carried out with
the following assumed parameter values:

The parameter values are s1 = 0.5;s, = 0.25;53 =
0.3;54=0.1;55=0.4;56 = 0.1¢ =0.5;m = 0.3. Then
the positive equilibrium point

sgn*

8o (1—-g)m

< I" < min {m.* +sim"—1, —

(1+ 51)54m*)

CS9 51

s4 865183 — (1 + s1)s583m*
s1 5183 ’

E+(0.61561;0.0325119;0.525293) for the
derivative of o = 1 becomes locally asymptotically
stable is shown in figure (1).The positive
equilibrium point
E+(0.61561;0.0325119;0.525293) for the
derivative of a = 0.94 also becomes locally
asymptotically stable is shown in figure (2).

The parameter values are s1= 0.5,52=0.2,53=0.3,54= 0.3 = 2,55= 0.4,56= 0.2,c =0.5,g=variable.
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Figure 2: Time serieé énd Phase portrait for the equilibrium point £* for system (2.3) for a = 0.94
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Let us fix the value of refuge g as variable.From
figure (1), it is observed that the system (2.3)
undergoes an unstable solution for the derivative
value of o = 1 for the equilibirum point £, is shown
in figure (3).The fractional-order derivative allows
the system’s solution (2.3) to become stable at 0.94
for the equilibirum point E>, as shown in figure
(4).Therefore, it can be concluded from figures (3)
and (4) that the equilibrium point £ of the system
might change from unstable to stable due to the
fractional order derivative.Therefore, it may be
stated that the fractional-order derivative may
improve system stability. From Figure (5), we can
observe that the density of the susceptible prey
population decreases as the refuge constant

Poputation

AR AR AR AR AR AR aabbbbbbL)
it \ NN H
[\ I\

[ 50 X
imet

redator

P

Section A-Research Paper

increases. Figure (5) shows an increase in infected
prey population as the refuge constant m increases
from 0.2 to 0.6.Therefore, it can be concluded from
Figure (5) that the stability of our suggested system
is significantly affected by the fractional-order
derivative.

8 Conclusion

In this study, we investigated a condition when a
predator hunts on both susceptible and ill prey,
which is known as a refuge in a prey.While the
diseased prey density decreases, the susceptible
prey density rises as the diseased prey refuge
increases. A decrease in the population of diseased
prey and an increase

Infiecied prey

04 Susceptible prey

Figure 3: Unstable solution for equilibrium point £, of system (2.3) for a = 1
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Figure 4: Stable solution for equilibrium point £ of system (2.3) for o = 0.94
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pe=

Figure 5: Different values of refuge g = 0.2,0.4,0.6 for the derivative of o = 0.94 in the number of predators
and prey are two effects of raising the susceptible predation rate. This study illustrates the complex behaviour
of the suggested model.The infected-free and endemic equilibrium points emerge and become stable,
particularly when the infected refuge and susceptible prey predation rate fall within a specified range. The
infected prey refuge in the model generates complex dynamics.

References

1. E Ahmed, AMA El-Sayed, and Hala AA El-
Saka. Equilibrium points, stability and
numerical  solutions of fractional-order
predator—prey and rabies models. Journal of
Mathematical Analysis and Applications,
325(1):542-553, 2007.

2. Javad Alidousti and Elham Ghafari. Dynamic
behavior of a fractional order prey-predator
model with group defense. Chaos, Solitons &
Fractals, 134:109688, 2020.

3. Michele Caputo. Linear models of dissipation
whose q is almost frequency independent—ii.
Geophysical Journal International, 13(5):529—
539, 1967.

4. Baishya Chandrali. Dynamics of a fractional
stage structured predator-prey model with prey
refuge. Indian Journal of Ecology, 47(4):1118—
1124, 2020.

5. SK Choi, B Kang, and N Koo. Stability for
caputo fractional differential equations. In
Proc. Jangjeon Math. Soc, volume 16, pages
165-174, 2013.

6. Varsha Daftardar-Gejji, Yogita Sukale, and
Sachin Bhalekar. A new predictor—corrector
method for fractional differential equations.
Applied Mathematics and  Computation,
244:158-182, 2014.

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146

7. Meghadri Das, Alakes Maiti, and GP Samanta.
Stability analysis of a prey-predator fractional
order model incorporating prey refuge.
Ecological Genetics and Genomics, 7:33-46,
2018.

8. Kai Diethelm, Neville J Ford, and Alan D
Freed. A predictor-corrector approach for the
numerical solution of fractional differential
equations. Nonlinear Dynamics, 29(1):3-22,
2002.

9. Roberto Garrappa. Short tutorial: Solving
fractional differential equations by matlab
codes. Department of Mathematics University
of Bari, Italy, 2014.

10.R Khoshsiar Ghaziani, J Alidousti, and A Bayati
Eshkaftaki. Stability and dynamics of a
fractional order leslie—gower prey—predator
model. Applied Mathematical Modelling,
40(3):2075— 2086, 2016.

11.M Javidi and N Nyamoradi. Dynamic analysis
of a fractional order prey—predator interaction
with  harvesting.  Applied  mathematical
modelling, 37(20-21):8946-8956, 2013.

12.Komeil Nosrati and Masoud Shafiee. Dynamic
analysis of fractional-order singular holling
type-ii  predator—prey  system.  Applied
Mathematics and Computation, 313:159-179,
2017.

4145



Dynamic Behaviour Of A Fractional Order With A Diseased Predator-Prey Model With Prey Refuge Section A-Research Paper

13.Kolade M Owolabi. Mathematical modelling
and analysis of two-component system with
caputo fractional derivative order. Chaos,
Solitons & Fractals, 103:544-554, 2017.

14.1lhan Ozt™ urk and Fatma™ Ozk™ ose. Stability
analysis of fractional order mathematical model
of tumor-" immune system interaction. Chaos,
Solitons & Fractals, 133:109614, 2020.

15.Hasan S Panigoro, Agus Suryanto, Wuryansari
Muharini Kusumawinahyu, and Isnani Darti.
Dynamics of an eco-epidemic predator-prey
model involving fractional derivatives with
power-law and mittag—leffler kernel. Symmetry,
13(5):785, 2021.

16.Prabir Panja. Dynamics of a fractional order
predator-prey model with intraguild predation.
International Journal of Modelling and
Simulation, 39(4):256-268, 2019.

17.Ivo Petra’s.” Fractional-order nonlinear
systems: modeling, analysis and simulation.
Springer Science & Business Media, 2011.

18.Emli Rahmi, Isnani Darti, Agus Suryanto,
Hasan S Panigoro, et al. Stability analysis of a
fractionalorder leslie-gower model with allee
effect in predator. In Journal of Physics:
Conference Series, volume 1821, page 012051.
IOP Publishing, 2021.

19.Perumal Ramesh, Muniyagounder Sambath,
Mohd Hafiz Mohd, and  Krishnan
Balachandran. Stability analysis of the
fractional-order prey-predator model with
infection. International Journal of Modelling
and Simulation, 41(6):434-450, 2021.

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4134 — 4146 4146



	1 Introduction
	2 Model Formulation
	3 Preliminaries
	4 Uniqueness of Solutions
	4.1 Boundedness of solutions

	5 Equilibrium Points and Stability analysis
	5.1 Stability Analysis

	6 Global Stability Analysis
	7 Numerical Analysis
	8 Conclusion
	References



