Integrable and Nonintegrable Model of Quintic Nonlinear Equation

Section A -Research paper

———==— |ntegrable and NonlIntegrable Model of Quintic

Nonlinear Equation

R.Carolin'?, S.Beauno®’, M.Mohana Krishnan®
'Reg.No. 20213282132014, Research Scholar, Department of Physics and Research Centre,
Women'’s Christian College, Nagercoil -629 001
Department of Physics and Research Centre, Women’s Christian College, Nagercoil-629 001,
Affiliated to Manonmaniam Sundaranar University,Abishekapatti, Tirunelveli-627012,
Tamilnadu,India
Department of chemistry N.S.S College, Ottapalam, Kerala
" email: beunaphysics@gmail.com

Abstract

The dynamics of an alpha-helical protein chain with quintic nonlinearity are described in this
article by identifying a perfectly integrable model. Using Hirota’s bilinearisation technique, we
analyse the dynamics in the continuum limit and study the solitonic feature of the system by
developing multisoliton solutions to the resultant completely integrable two-dimensional protein
system. In the Inhomogeneous sitiuation, we use a peturbation technique to investigate the
stability of solitons and we find the center of mass and velocity of the soliton.

Keywords: Alpha-helical protein, Soliton, Center of mass, Velocity.

1. Introduction

The alpha-helical structure of protein is one of the siginificant types of subordinate
reections of proteins. HNCO includes three chains of hydrogen-bonded peptide groups
accompanying lateral groups arranged in the form "...H-N-C=0...H-N-C=0...H-N-C=0...".
where C=0 denotes the amide-1 bond and dotted lines indicate hydrogen bonds. The amide-1
vibrations of atoms in peptide groups perform the most important role in energy transfers in
alpha-helical proteins. According to Davydov [1-3] nonlinear self-trapping may aid in the
process of energy transfer laterally in almost one-dimensional chains of protein molecules over
the development of solitons stirring without energy loss. The dynamical equillibirium between

the diffusion due to resonant collabortion of intra-peptide charged particle vibrations and the
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nonlinearity offered the interaction of these vibrations with the constrained movements of the
symmetry positon of the peptide groups results in a soliton along the hydrogen bonding spines in
alpha-helical proteins. In this contex, Davydov demonstrated that the fully integrable NLS
equation which holds N-Soliton solutions controls the dynamics of alpha-helical proteins.
Several physicists have modified Davydov’s original model to better accurately represent the
dynamics of energy transfer across alpha-helical proteins at the classical and quantum levels
[4-22]. Analytical and numerical analyses are included in these work, similarly the effects of
higher order interactions and excitations as well as inter spine copling on the dynamics of an
alpha-helical protein molecule have been examined at both the discrete and continuum levels.
Also, inhomogeneous alpha-helical protein structures play an important role in the energy
transfer mechanism. The defects caused due to the presence of additional molecules such as
drugs in specific sites of the sequence and the presence of abasic site like nonpolar mimic of
thymine leads to inhomogeneity in alpha-helical proteins [23]. In this study, we investigate the
quintic type non-linearity in the two-dimensional alpha-helical protein system. We recommend a
model including quintic type non-linearity in the hamiltonian. This paper is encircled as follows
section 2 deals with the model hamiltonian for two dimensional alpha-helical proteins is
introduced and the equations of motion are constructed. The integrable system of nonlinear
partial differential equation is recast into a system of bilinear equation through Hirota’s
bilinearization technique the one, two and the three-soliton solutions are given in section 3.
Section 4 explains the inhomogeneous effect of quintic nonlinearity. The impact of nonlinear
type inhomogeneities on the transfer of energy through alpha-helical protein the centre of mass

and velocity is covered in section 5. Section 6 represents a concluding report on the workdone.
2. Model Hamiltonian and Equation of motion
The interaction between the neighbouring chain of alpha-helical protein has also been
considered in this model resulting in a 2D model. The Hamiltonian model can be used to
simulate it
Hyp = Hex + Hpp + Hpp—ex 1)

In Eqn. (1) H., denotes the exchange hamiltonian, which represents internal molecular
excitations, H,, denotes the phonon hamiltonian’s contribution, which corresponds to the
displacement of unit cells from their equillibirium position and H,,_., denotes the hamiltonian

for the coupling between the internal molecular excitations and the displacement. The
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contribution resulting from unperturbed excitons might thus be written as,

Hey = Z (D8 pFobas + Bl pFrdap®lpbap— ) (Ol sbasos+ bas
0(

p=1,-1
Glipp T Ok sPapro + Papdlpip) —J2 (B sbaspprn + PapDlsnpep
+08 pbarpp-p + Pap®lipp_p)) 2)
Where «a, are the indices along the x and y axes. gb;ﬁ creates and ¢,z (annihilates) an
excitation on a site (a, ). The constant value E, represents the energy of single exciton of
given site. The bouncing exciton between near by sites is represented by J;and J,. In each unit

cell E; stands for the two exciton energies that correspond to the higher order excitations of the

molecules.

Hon = Zap 2 4 £ [0 = V1,00 + Wap = ap-0)?]) 3)
The parameters M and k in Eqgn.(3) denote the mass of a peptide unit and the elastic constant.
Vo is the operator for the longitudinal displacement of the peptide group parallel to the helical
axis from it’s equllibirium position. p, g is the momentum conjugate of v, z. The interaction

between excitons and phonons takes the form
th—ex = Za,ﬁ {qb;rz”gqba,ﬁ [Xl(va+1,ﬁ - va—l,ﬁ + va,B+1 - va,ﬁ—l) + qba,ﬁqb;ﬁ

¢a,ﬁ¢2,3)(2(va+1,ﬁ —Vg_1,8 + Vap-1— Vap-1)} (4)
where y; and y, represents the change in energy of the amide | bond caused by the streching
of the helix between two neighbouring wunit cells of dipole-dipole type and
quadrupole-quadrupole type of excitation respectively. The Hamiltonian for collective

excitations of coherent states in the Davydov ansatz [3] for 2D lattice is written as,

Hop = Yap Of gEobagp + Of sE10ap®l sbap —J1(D) pbasrp + PapPiiip

+@L pbapir + Papdlpi) —J2(DL gPariprr + PapPiiiper +

pa
¢a+1[>’ 1¢a[>’ + ¢a ﬂ¢a+1ﬁ 1) +—= B + = [(va,ﬁ - va—l,ﬁ)z + (va’,ﬁ
_va,ﬁ—l)z] + Xl(va+1,ﬁ - va—l,ﬁ + va,ﬁ+1 - va,ﬁ—l) + (plﬁd)a,ﬁ
¢Z,ﬁ¢a,[3){2 (va+1,ﬁ — Va-1,8 + Va,p+1 — Ua,ﬁ—l) (5)

is the deformation energy of the spines. we drive the equation of motion for the dynamical

variables ¢4 g, Vo g, Da,p Which can be represented by
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., dDg
i dtﬁ = [®gp, H] (6)

where @, ; stands for anyone of the above variables complying the commutation relations
[ap ¢l‘ﬁ] =1 and the conjugate variable [v, g, psp] = ih. The normalization condition for
the function leads to the equality Za,ﬁ|¢a,,;|2 = 1. Therefore |<¢>a,[;|2 characterizes the
probability for exciting a« and £ molecule in the chain. By applying the hamiltonian Eqgn. (5) in

Eqn. (6), the equations of motion for the variables ¢, 5, v, and py s can be written as,

., ddg,
ih dtﬁ = Eopap + 2E1¢621,B¢Z,ﬁ —Jildas1,8 + Pa1,p + Paps1

+dap-1] = 2[Pas1,+1 T Pa-18-1 + Par1,8-1 +

Ga-1,8+1] T bapXilVar1i,p — Va-1,8 + Vap+1 — Va,p-1]

_2¢l_ﬁ¢é,ﬁ)(2 [va+1,/3 —Vg-18 T Vap+1 — va,B—l] (7)
d?v
dt‘;'g = _k(4‘va,ﬁ —Va+1,8 — Va-1,8 — Va,p+1 — va,B—l) + X1
[|¢a+1,ﬁ|2 - |¢a—1,ﬁ|2 + |¢a,ﬁ+1|2 - |¢a,,8—1|] +

X2l Parrpl* = Pa—1pl* + | Papral* — [Pap-111* (8)
Eqgn. (7) and (8) represent the discrete dynamics of higher dimensional alpha-helical. Because

M

these equations are difficult we use the Taylor’s expansion to find the continuum limit and the
resulting equations are,
ihge = —[(401 +J2) — Eo)$ + 2E1|@1% ) + €211 (v + vy))p + 4x2 (vx +
v)P12p] — €2[Ur + 2/2) (Prx + Pyy) — H2ry] (9)
Mvy = Ke*[vey + vyy] + 2001 + x2)e[(181D)x + (191),] (10)
Introducing the wave variable & = kyx + k,y — ct in Egns. (9) and (10) and solving Eqn. (10),
we get ug = 2(x; + x2)A|$|? and using it in Eqn. (9) we get,

ipr + a1 + az(drx + ¢yy) + a3¢xy - a4|¢|2¢ - a5|¢|4¢ =0 (11)
where,
4(J1+J2)—E €2(J1+2J2) 2€24]. 4A€x1(x1+x2)+2E
1:[%]7 2:[%]1613: h21a4:[ 11h2 1],
8eAx,(x1+X2) €?(k1+ky)
as=[— L and A=

After making the transformation ¢ = ¢exp(—ia,t) we get,
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ipe + az(Pxx + qbyy) + a3¢xy - a4|¢|2¢ - a5|¢|4¢ =0 (12)

For further transformation t — ai After making the Galilean transformation X = (¢ — t),t =
2

T,y =Y in Egn. (12) we get,
i, — iy + Pxx + Pyy — 20xy — 2|$1°P — 4|p|*p =0 (13)

In higher dimensions, Eqn. (13) represents the dynamics of an extended Davydov model of
alpha-helical proteins. It has entirely integrable NLS type equation (2+1) dimensions. It can be
solved using the Bilinearization technique for multisoliton solutions and the details are described
in the next section.
3. Bilinearization Procedure

To use the Hirota’s bilinearization procedure we convert Eqn. (13) with the new

dependent variables g and f as [24]
=9
¢ =1 (14)
Where g(X,Y,T) is a complex function and f(X,Y,T) is a real function. substituting Eqn. (14) in

(13) and making use of the properties of the Hirota operator D defined as,

o 9,0 o
DyDPDRf.g = (55— 30 Gy —55)™

(=" f(X,Y,T).gX Y THX=XY =YV T=T. (15)
We write Eqn. (13) in the bilinear form
[iDy — iDy — D — DZ + 2DxDy](g.f) =0 (16)
[D% + Dy — 2DxDy](f2.f*) + 2(9.9")(f- ) + 4(g*.g*) = 0 17
For finding soliton solutions, we expand the functions g and f in power series given by,
g=yg® +y3g®+..... (18)
fF=1+y3f@ 444 . (19)

where y is an arbitrary small parameter. The solutions can be found by substituting Eqgns. (18)
and (19) in Egns. (16) and (17) and collecting terms proportional to different powers of y and
solving the resultant equation.

3.1. One-soliton solution

To obtain the one-soliton solution, we choose

g=vg® (20)
2302
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substituting Eqgns. (20) and (21) in Eqgns. (16) and (17) and collecting terms proportional to
different powers of y we obtain the following set of equations:

y®:[iDy — iDy — DZ — DZ + 2Dy Dy]g®™ =0 (22)
y%: [DZ + D — 2Dy Dy | (4f @ + 2gWg"®) = 0 (23)
y3:[iDy — iDy — D3 — DZ + 2DxY](g®.f@) =0 (24)
y*:[D§ + D} — 2Dy Dy](6f.2) . f ) + 4f P gM gtV + g2,
g =0 (25)
we ensure that the solutions are compatible with the system of Eqgns. (22), (23), (24) and (25)
are
9" = exp(m), f® = aexp(ny +n3) (26)
where,
M=k X + kY + 0T +70 0 = ky = 2i(ky — k') (27)
and
- % [((k1+k;)—(1k:1+k,1*))2] (28)

In Egns. (27) and (28), nf’),k1 and k’; are complex constants. As a result we express the

one-soliton solution as,

1 1 * 1 *
¢ = 5sechl; (ny +ny” + )] expl; G —ny” + 11,7 (29)

Figure 1. Soliton moving in the (a) X-direction (b) Y-direction

Fig. (1a) shows the soliton moving in the X-direction with k; =09 +i,k'; =1+ i and
y = 0.05. Fig.(1b) represents the soliton along y-direction with k; = 1.5+ i,k’; = 0.7 + i and
X = 0.05.
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3.2. Two-soliton solution
In a similar way, the two-soliton solution can be generated by terminating the series as

g=vgP +7v3g®, f=1+y*f® +y*f® (30)
Solving the resulting linear partial differential equations, we obtain

g = [exp(n1) + exp(nz) + Hizexp(ny + 1z +11) + Hyrexp(ng + 12 +n3)] (31)

and
f=1+2%4p5Gqpexp(ng +np) + Gexp(ny + 11 + 02 +13) (32)

with
M = kX + K'Y + 0,7 + 082, w0, = ky — 2i(ky — k'5)? (33)

1
H“'ﬁ B 2(kaqtkg+kpg—kiq—kig—k/g)? (34)
1 1
Ga,ﬁ - Z(ka+k;§_k’a_k’;§)216 - 2(81-82)2 (35)
§1 = (kg + ki + ks + k3) (36)
52 = (kll + kll* + k,2 + kzl*), 0:,,3 = 1,2,. . (37)
n2 02 n?

12 ¢
10}
08 |
06 |
05 ¢ 04 +

157

10t

06 04 02 2 4 6 X 06 04 02 2 4 6 X 06 04 D‘2 2 4 6
@ (b) ©
2 n2 ,
o’

S
06 D‘4 D‘Z
(d) (e) ()

Figure 2: Two-soliton interaction at time (a)T = 0.5, (b)T =1, (c)T = 1.5,

(T =2,(e)T=25and(f) T =3

=
"2 4 6
00"

In Egns. (33)- (37), ng‘”. k, and k', are all complex constant. Then using Egn. (14) the

two-soliton solution is found. Fig (2) depicits the two-soliton interaction at k; = 0.1 + i,
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k't =0.01+ik,=1.01+ik';,=001+iandy =0.05[(@)T =05 MBL)T=1,(c)T =
1.5,(d)T = 2,(e)T = 2.5 and T = 3].We have illustrated the energy sharing features of two

solitons in fig.(2). It is obvious that the amplitude and phases of two-solitons alter as a result of

their interaction. But the total energy of each soliton is found to be preserved.

3.3. Three-soliton solution

Proceeding further to find the three-soliton solution, we terminate the series as,

g=vg(1)+y3g® +y5g® (38)
f=147 O +y*f® +ysf©® (39)

solving the resulting linear partial differential equations, we obtain,

and

g = expny + expn, + expnz + Hipexp(ny +nz +11) + Hizzexp

(11 +m2 +12) + Hizzexp(y + 12 +13) + Hizsexp(ny + 13 +11)
+Hyzzexp(ny + 03 +102) + Hizzexp(ny + 13 +13) + Hazpexp

(M2 + 13 +n1) + Hyzpexp(nz + 13 +n32) + Hazzexp(ny + 13 +13)

tAiexp(ny + 1z + 13 + 11 +12) + Azexp(ny +n2 + 13 + 11 +13)

+Azexp(ny + 1z + 13 + 12 +13) (40)

f =142 p=1Gapexp(Mg + np) + Giz2exp(y + 0z + 17 +13) + Gizzexp
(M1 + 13 + 11 +13) + Gazzexp(ny + 13 + 03 +13) + Grazexp(y + 12 + 11 +
n3) + Gizexp(My + N3 + N7 +13) + Gaizexp(my + 0y + 03 +103) + Gazgexp
(M2 + 13 + 11 +12) + Garzexp(my + 03 + 10z +103) + Gaprexp(z +13 + 11 +

13) + Grexp(ny + 1Mz + 13 + 11 + 17 +13) (41)
Hapy = [Z(ka+k*a+kﬁ—1kra—kg,*—k/B)Z] (42)
Gap = Z(ka+k2}—1kra—kr*ﬁ)2]’GaﬁY = [m] (43)
A = [2(ka+k5+ky+k;¢+k;}—kl’a_k’ﬁ_k’y_kla—kl}})z] (44)

2= [2(ka+k[;+ky+k:;+k;‘,—klra—krﬁ—kry—kr;_k,;)z] (45)
Az = [2(ka+k/;+ky+k2}+k;,—k11a—krﬁ—kry—k173—kr;,)Z] (46)
G, = gl @By = 123,... (47)
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V1= (kathg+kg+k))y,=0UKatkp+kp+k?) (48)
Es=(ky+ky+ks+ki+ks+k3)é=F(+E,+HEs+E T +ES+K%)(49)

2
2 ik
52 ik

28

06 04 02 06 04 02 2 4 6
(@) (b) (c)
52 n? n2
. 30} 0t
25t
8,
20
18t 6
. 47
_A Ri
I L L L X \ \ \ X .—Ax:ﬁ X
06 04 02 2 4 6 06 04 02 2 4 6 06 04 02 2 4 6
(d) (e) (f)

Figure 3: Three-soliton interaction at time (a)T = 0.01(b)T = 0.03,(c)T = 0.05,
()T = 0.07,(e)T = 0.08 and (f) T = 0.1
Fig. (3) shows the three-soliton interaction at k; = 0.3 +i,k'; =0.1+i,k, =1.01+ i, k', =
0.01+4i,k; =—62+i and k'y =45+ i[(a) =T = 0.01, (b)T = 0.03, (c)T = 0.05, (d)T =
0.07,(e)T = 0.08 and (f) T = 0.1].The three-soliton example exhibits the same interaction
features as the two-soliton case .
4. Inhomogeneous alpha-helical proteins system
We consider a two-dimensional inhomogeneous alpha-helical protein system. The
energy is associated with including the charged particle resonance between proximal chains and
the adjacent atoms in the same spine.
H=Yap {0} gEobag + o pE10apdl sPap = JiFap( @l sPar1p + Payg
Parrp + Papbaper + bapPupii) = JoFap(Papbariprn + Pap
OF 1 g+ Baripr®lp+ bap®los ps) + Lt K (g — 1)’
+Wap — Vo p-1)°1+ X1¢;3¢a,ﬁ (Va+1,8 — Va-1,8 + Va,p+1 — Va,p-1)
+X2¢a,ﬂ¢2ﬁ¢a,ﬂ¢2,g (Va+1,8 — Va-1,8 T Vap+1 — Va,p-1)} (50)
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The function F, ; characterize the variation of interactions along the hydrogen bonding spine

due to inhomogeneities. Having consructed the Hamiltonian for the inhomogeneous alpha-helical
protein molecules the corresponding dyamical equation can be obtained by deriving the

associated Hamiltonian’s equations of motion

iR = Eopop + 2E:9 3075 — 1 [Fapbarip + Farpbasp +
Fopbapi1 + Fap-1Pap-1] = J2[FapParips1 + Facip
Ga-1p-1F Fapbasip-1+ Fac1p+1Pa-1,8+1] + X1Pap
[Va+1,8 = Va—1,8 T Vap+1 — Vap-1] + 2X2¢(;ﬁ¢621,,8

[va+1,ﬁ —Va-1,8 + Va,p+1 — va,ﬁ—l] (51)

== —K[4Vgp — Vg-1,8 — Va+1,8 — Va,p-1 — Vap+1] + X1
[ Paripl® =1 Pa-1pl* + | Gaps1l® = | Pap-11°]1+
X2ll Parrpl* =1 Pac1pl* + 1| Papsil* =1 Pop-1l*] (52)
The discrete form of higher dimensional alpha-helical proteins is denoted in Egns. (51) and
(52). Eqns. (51) and (52) are hard to solve because of their non-linearity and compactness, it is
appropriate to apply Taylor’s series expansions to make continium solutions.
ihee = —[4F (1 +J2) — Eol¢ + 2E1 (9|7 + e[2x1 (Ux + vy) ¢
402w + )| dI°¢ + F (1 +2))¢ + 1 F,p] — &
G (Fex + Fyy® + J2(Fex + By ) + Fo (1 + 2J2) by +
F(J1+ 2]3)bxx + E,(J1 + 2]2) Py + F(J1 + 2]2) by +
42F bxy + 2] Fy @] (53)
Mvy = ke?[vey + vyy] + 2601 + 2[S9 + (191%),] (54)
Introducing the wave variables ¢ = kyx + k,y — ct in Egns. (53) and (54) and solving Eqn.
(54) we get ugs = 2(x; + x2)A|$|? and using it in Eqn. (53) we get,
ie + b1 + by (bx + by) + b3 (Pux + Pyy) + bary — bsp| |
—beplp|* =0 (55)
Where,

_ AF(Jy+]2)~Eo+eF(J1+2)2)+J1EF 251 +]2) (Fax+Fyy) +2]26% Fy

b, = - ,
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b _ €2(J1+2]2) (Fe+Fy) b _ €2F(J1+2]2) b _ 4],€%Fy b = et X)A+2E
2= h BTy T Ty e T h ’

g(k1+k3)

b, = 8x2e(X1t+Xx2)A
6 Mc2—ke? (k3 +k2)"

- , and the value of A =
The quintic inhomogeneous alpha-helical proteins are described in Eqn. (55). The perturbation

process offers an operative method to construct the solitary wave solution.
5. Effect of inhomogeneity

Many effective techniques for getting clear drifting and solitary wave solution of nonlinear
growth of equation have been putforth in recent years [25-27]. There are many methods used to
solve for nonlinear equations. From these methods, we have chosen SC method to make the
soliton solution. Implementing above method, we write ¢ = u + iv in Eqgn. (55) and seperate
the real and imaginary parts to get,

—Vp + by + by (Uy + uy) + b3(Uyy + Uyy) + battyy, — bs(u® + uv?)

—be(u® + 2udv? + uv*) =0 (56)
U + b1V + by (Vy + 1)) + by (Uyx + Vyy) + baVyy — bs(v? + uv?)
—be(v® +2v3v2 +utv) =0 (57)

In Egn.(56) and (57), applying wave variable ¢ = x + y — ct we abtain,
—CV¢ + blu + bz (u§ + u§) + b3(u55 + Uff) + b4Uff - b5(u3 + uvz)

—be(u® + 2ulv2 + uv*) =0 (58)
—Cug + blv + bz (vf + vf) + b3(17§§ + Uff) + b4l7§§ - b5(u3 + uvz)
—be(u® + 2ulv2 + uv*) =0 (59)

where,

1
4F (J1+]2)~Eo+&Fx(J1+2)2)+]16F—€2(J1+]2) (Fxx+Fyy) +2)2€% Fxy
h, )

b =

b — €2(J1+2)2) (Fx+Fy) bl = e2F(J1+2J2) b = 4),€%Fy bl = 4x16(X1+x2)A+2E;
2= h Pes T R TAT o U5 T h

bl = 8x2&(X1+X2)A
6 h

Assume that Eqns.(58) and (59) confess the results as follows:
u(x, y,t) = AycosP1(u), v(x, y, t) = A;cosB, (1) (60)
Where A; and A, are the parameter constants. In Egn.(60) we assume £; and §, = —1 and
we balance the linear higher order derivative term with the nonlinear term in egns. (58) and (59).

We get the system of algebraic equations.
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cos? (). sin(ué) = 2b,pudy + cul,

cos L (ué) = byAy — 2bs A pu? — bydy

cos™3(ué) = 4bsA pu? — 2b, A% — bsA3 — b, A2
cos™3(UE) = —bgA3 + 2bgA313 — b A%
cos?(u). sin(ué) = 2aur; — cpd,

cos™1(ué) = bydy — 2bsAyu? — byAyu?
c0s™3(ué) = 4bsAyu® — 2b,Aou? — bsA3 — bs A, 12
cos™S(UE) = —beA3 + 2bgA2A3 — b1t

Using symbolic computation to solve the system of algebraic equation we obtain,

u=—az ++/b3 — 2b1b3 — b;b,

2= s
Tave,

hence the solution of Eqgn. (55) becomes,

u(x,y,t) = Ayseclu(x +y — ct)]
v(x,y,t) = A,sec[u(x +y — ct)]

¢ -0 (l”

Figure4: unperturbed soliton with J; = 0.5, J, = 1.5,x; =1,

¥, =05 A=18=1h=1 E,=1,E,=1and F=1

(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)

(69)

(70)

(71)
(72)

In many physical system, it is practicable to comprehend non-linear wave events using

systematic soliton solutions inhomogeneity. The coefficients of equation predicted to depend on

the function representing the inhomogeneity and its derivatives if the process is inhomogeneous

and its derivatives F(x) point is determine by the solutions Eqns. (71) and (72) when F(x)=1 the

structure remains unchanged as shown in fig. (4). It display a soliton for the choice of parameters
]1:0.5,]2:1.5,X1:1, XZZO.S,Azl, 621, h:1, E():l, E1:1 a.nd F:]. as

interpretative and informative cases we present cubic, biquadratic and localized type of

inhomogeneities [28].
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(d)
Figure 5: The graphical illustration of | ¢|* with (a) cubic inhomogeneity (b) biquadratic

(©)

inhomogeneity (c) periodic inhomogeneity (d) localized inhomogeneity

We consider the cubic inhomogeneity of the form F(x) =1+ q;x3 + g,x? and plot the
stuctures in fig. (5a). This plot shows that the soliton’s figure is fixed and solid, the value of
q:. = 1.018 and g, = 2.49. Where g, and g, value increase the soliton becomes deformed and
the unstable modes have generated and expanded as a result of biquadratic inhomogeneity
F(x) =1+ g3x* + q4x?. The values of —0.67 to 0.59 are less than g5 and q, respectively,
the progressive formation of soliton is illustrates in fig. (5b). It demonstrate the soliton’s split
and consequent instability. In fig. (5c) the equation with periodic inhomogeneity F(x) =1+
qssin(x) was shown the values of gz = 1.3299 from the plot, it is found that the value of gs
increases, the distortion produces a soliton of smaller amplitude with periodic variability in the
localized region. For the case of localized inhomogeneity we use the distortion function F(x) =
1+ ggsech(x) in fig. (5d) this inhomogeneity distorts the localized region for the value
gs = 0.865.
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Figure 6: (a) Center of mass of the soliton (b) Velocity of soliton

Fig. (6a) illustrates a soliton’s center of mass changes over time. The center of mass in protein
lattices almost constantly remains in the same position. In parameter range, it suggest that the
basic solitons for the protein lattices are nonlinearly stable. Velocity of soliton in a protein
lattices is given in fig. (6b). The figure represents the periodic difference in the velocity of a
soliton before expanding to a constant speed. The variablesare J; =3, J, =3, y1 =1, x; = 4,
A=-100,e=1,h=1, E,=0.1 and E; = 0.1.
6. Modulation Instability of cubic-quintic NLS Equation

Modulation Instability in several fields of physics, a plane wave may shatter into
filamenta at enormous intensities. It has been suggested that it might be responsible for the
energy localization mechanisms that cause DNA molecules and hydrogen-bonded crystals to
create large amplitude nonlinear excitations. MI arises from the interaction of nonlinearity
diffraction or dispersive processes. Because of the symmetry-breaking nature of the instability, a
small perturbation on top of a background with constant amplitude grows exponentially leading
to beam breakup in either space or time. In some ways, M1 is thought of as a precursor region.
We use a linear stability analysis to look into the evolution of weak perturbation for
inhomogeneities. We begin with the perturbed Eqn. (55) to conduct the linear stability analysis.
We consider plane wave solution with constant amplitude[29]

o(x,y,t) = ugexpli(q1x + g2y — wt)] (73)
w s the frequency, u, is the amplitude, g, and g, are the wave numbers. Substitute Egn. (73)
we get the amplitude dependent relationship.
w = —a, —iay(k; + k) + az(k? + k2) — askk, + asul + agug (74)

refered to as dispersion relation. Considering perturbed plane wave solutions of the type, we
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now investigate the linear stability of Eqn. (55)

o(x,y,t) = (up + eoy)expli(qix + qzy — wt) + £05(x, ¥, 1)]
where the small parameter is ¢ and

o1(x,y,t) = aexp[if(x,y,t)]

02 (x,y,t) = bexp[if(x,y,1)]

(75)

(76)
(77)

using f(x,y,t) = Kx + Ky — Qt the dispersion relation relating the wave numbers K and

frequency Q is given by
Q%uy + Q(Rug +S)+ RS =0

where,
R = [Qa + wa + a,a — Kuga,b — ugbKa, — azaK? — 2ask,akK
—ask?a — azaK? — 2azk,aK — k3aa; — a,ak? — ask,Ka
—ask,Ka — askik,a — 3u3 — 5ugal

S = [uohQ + ka,a + kyaa, + ak + kya — 2azugk,;bk — asuybk?

—2ask,ugbk — azbugk? — akyugbk — a,ugk?b — ask,

uobk]

(78)

(79)

(80)

From the quadratic Eqn. (80) the dispersion relation for linearised disturbance can be expressed

as,
Q =2 (a; + 4K%a3 + 2K%a, + 4Kagky + 2Kagk, + azk? + 2Kazk,
+2Kaszk, + askik, — 2Ka3ks + 3ué + 5ud) + (a? — 16K%a3
+2a,ask? + aki{ — 4Kkya,a; + 2a,a.k ky, — 4Ka2k?k, + 2aza,
k3k, + 4K%a2k? — 4Kaga,k, k3 + ajkiki — 4Ka a3k — 4Ka3
k?k3 + 8K2a3ks — 4Ka3ask ks + 4K?a%k$ + 6a,u3 + 6ask?u?
—12Kazk,u + 6a,k ku? — 12Ka2kiu2 + 9uf + 16a,uf + 10k?
azug — 20K ask,ug + 10a,k,kus — 20K azkiug + 30ud + 25ul)
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Growthrate

Figure 7: Growth rate Vs wave number Q for unperturbed
The imaginary part Q can resolve stability of non-linear alpha-helical protein chain. The
relationship mentioned above demonstrates the square are bigger than zero. For any value of the
wave number K, the eigen value Q is real, and the solution is modulationally stable. When it is
less than zero Q becomes complex. In this scenario the perturbation grows exponentially with
time the excited alpha-helical protein system is unstable and soliton production is supported. The
growth rate curve in fig. (7) is depicted by setting up g, and variying q,. The values are u, =
6, Ji=2and J, =3 with (a) ky =—1 and k, = —-1.2, (b) k;, = —1.4 and k, = —1.2, (c)
k,=-15and k, =-1.2,(d) k;, = —-1.6 and k, = —-1.2,(e) k;, = —1.7 and k, = —1.2. The
plot shows that the growth rate depends on g, and g, for constant /; and J,. As k, increases
the growth rate and the band width shrinks, and the maximum gain decreases. Inhomogeneities
can have a impact on solitons development. We study whether nonlinear lattice inhomogeneities

affects the stability of soliton.

L L.
157 q

Growthrate

Figure 8: Growth rate Vs wave number Q for periodic inhomogeneity
For various values of the periodic inhomogeneity parameters, Fig. (8) depicits the growth rate of
the periodic inhomogeneity. Consider the alpha-helical protein lattice with periodic
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inhomogeneity F(x) = 1 + g;sin(x). In the absence of such inhomogeneity, the system allows
for the steady propagation of solitary waves. The growth rate for periodic inhomogeneities with
q: = 1.7,1.5,1.2 and0.5 is shown in fig. (8.a,b,c,d). As the inhomogeneities increase, the
growth rate decreases and the band width shrinks. At g; = 1.75, modulation instability becomes
high and beyond this value it decreases and the probability of solitory wave formation is
suppressed. The effect of cubic F(x) = 1 + g,x3 + g3x?, biquadratic F(x) = 1 + q4x* + gsx?
and localized inhomogeneities F(x) = 1 4 ggtanh(x) are similar to the above results. The
threshold values are given by g, = 0.7 and g5 = 0.002 for cubic inhomogeneity. For
biquadratic inhomogeneity g, = 0.8 and gs = 0.09 and for localized inhomogeneity g, =
0.97. At g, = 0.8 and g, = 0.97 Modulation Instability becomes high and beyond this value it
decreases and the probability of solitary wave formation is suppressed. In this condition, the
energy is no longer distributed equally along the protein chain, instead, the motion of certain
particles has an amplitude that is significantly greater than the amplitude of the orginal wave.
7. Conclusion
In this paper, we suggest a hamiltonian model that incorprates molecular excitations

using the exciton, phonon and phonon-exciton modes. We analyze the dynamics of the
corresponding model by applying Hamiltonian’s equation of motion to create the quintic
equation. A two-dimensional integrable NLS type equation is to govern the dynamics for some
set of parameters.We use the Hirota bilinearization technique to construct the one, two and three
soliton solution. Using a peturbation technique, we analyzed the cubic, biquadratic, periodic, and
localized types. This result suggest that the soliton splits when the amount of inhomogeneity
exceeds a limitting value. The modulation instability conditions for the quintic inhomogeneous
nonlinear schrodinger equation have also been discussed. Then the velocity and center of mass
are also analyzed.
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